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Abstract 

In this study, we explore quasi-periodic oscillations produced near a black hole governed by the Dyonic 
ModMax metric. By fitting the QPO frequencies recorded from the micro-quasars GRO J1655-40, XTE J1550-564, XTE 
J1859+226, GRS 1915+105 and H1743-322, we establish observational limits on the charge Q and coupling γ 
parameters of the model. The constraints are derived through a Monte Carlo Markov Chain analysis of the data, yielding 
refined estimates that sharpen our understanding of black-hole behaviour within the Dyonic ModMax framework. 

Annotatsiya 
Ushbu tadqiqotda biz Dyonic ModMax metrikasi tomonidan boshqariladigan qora tuynuk yaqinida hosil 

bo‘ladigan kvazi-davriy tebranishlarni o‘rganamiz. GRO J1655-40, XTE J1550-564, XTE J1859+226, GRS 1915+105 va 
H1743-322 mikrokvazarlaridan qayd etilgan QPO chastotalarini moslashtirish orqali biz Q zaryadi va γ modellarining 
ulanish parametrlari bo‘yicha kuzatuv chegaralarini o‘rnatamiz. Cheklovlar Monte Carlo Markov Chain ma’lumotlarini 
tahlil qilish orqali olingan bo‘lib, Dyonic ModMax doirasidagi qora tuynuklarning xatti-harakatlari haqidagi tushunchamizni 
aniqlaydigan aniq hisob-kitoblarni beradi. 

Аннотация 
В этом исследовании мы изучаем квазипериодические колебания, возникающие вблизи черной дыры, 

управляемые метрикой Dyonic ModMax. Подгоняя частоты QPO, зарегистрированные в микроквазарах GRO 
J1655-40, XTE J1550-564, XTE J1859+226, GRS 1915+105 и H1743-322, мы устанавливаем наблюдательные 
пределы для параметров заряда Q и связи γ модели. Ограничения выводятся с помощью анализа данных 
методом Monte Carlo Markov Chain, что дает уточненные оценки, которые обостряют наше понимание 
поведения черной дыры в рамках Dyonic ModMax. 

 
Key words: Quasi-periodic oscillations, Dyonic ModMax, MCMC, RP model, lower frequency, upper frequency 
Kalit so‘zlar: Kvazi-davriy tebranishlar, Dyonic ModMax, MCMC, RP modeli, past chastota, yuqori chastota 
Ключевые слова: Квазипериодические колебания, Dyonic ModMax, MCMC, модель RP, нижняя 

частота, верхняя частота 

 
INTRODUCTION 

The interaction between particle dynamics and quasi-periodic oscillations (QPOs) near 
black holes offers an exceptional probe of strong-gravity and non-linear electromagnetic effects [1-
4]. Within this setting, the Dyonic ModMax framework – an extension of classical Maxwell 
electrodynamics that preserves dual and conformal symmetry while accommodating simultaneous 
electric and magnetic charges – provides a natural laboratory for testing how dyonic fields alter 
observable phenomena [5–7]. Instead of calculating the innermost stable circular orbit (ISCO), our 
study focuses directly on the observed QPO frequencies. We analyse the X-ray QPO data from the 
micro-quasars GRO J1655-40, XTE J1550-564, XTE J1859+226, GRS 1915+105, and H1743-322, 
employing a Bayesian Markov – Chain Monte-Carlo (MCMC) approach to place joint constraints on 
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the dyonic charge parameters ,  and the non-linear coupling . The MCMC procedure yields 
posterior distributions that tighten the allowable ranges of these parameters and, consequently, 
sharpen our understanding of particle motion and radiation mechanisms in the Dyonic ModMax 
spacetime [8–11]. By fitting QPO frequencies alone – without an explicit ISCO calculation – we 
demonstrate that strong-field electromagnetic–gravitational interplay can be effectively constrained, 
highlighting the diagnostic power of QPOs for testing nonlinear electrodynamic extensions of 
general relativity. 

QUASI-PERIODIC OSSILATION 
In this subsection we explore the allowable ranges of the upper (νU) and lower (νL) twin-

peak HF-QPO frequencies predicted by models that tie the observed signals to the fundamental 
epicyclic motions of particles orbiting compact gravitating sources [12-13]. We focus on the 
following framework:  

The Relativistic-Precession (RP) model. Originally introduced by Stella and Vietri to 
interpret kHz twin-peak QPOs in neutron-star low-mass X-ray binaries (0.2–1.25 kHz) [14-17], the 
RP scheme was later shown to apply equally well to black-hole binaries. Ingram subsequently 
refined the model so that fits to the power-density spectrum of a microquasar’s accretion disc could 
deliver precise estimates of the central black hole’s mass and spin. Within the RP picture the twin 
peaks are identified with combinations of the orbital (Keplerian), radial-epicyclic and vertical-
epicyclic frequencies, . The vertical component,  stems from axisymmetric oscillations 
perpendicular to the disc plane – i.e. mild disc warping –and the model incorporates the impact of 
non-axisymmetric modes on the disc’s dynamical behaviour around strongly gravitating objects. 

  
FIG. 1. The radial profile of the upper (νU, Red) and lower (νL, black) frequencies is 

presented for the RP model. Furthermore, r3:2 resonance radii are also displayed by solid 
vertical lines. 

The radial dependence of the upper and lower frequencies of twin QPOs is presented in 
Fig. (1), with the red and black lines representing them, respectively. In the upper panel, γ is set to 
γ = 0.5, and Q = 0 is represented by the solid line and the dashed line for Q = 0.5. It can be seen 
from this panel that a decrease in both the upper and lower frequencies is caused by an increase 
in the Q parameter, and the QPO orbit with a frequency ratio of 3 : 2 is shifted slightly outward. In 
the right panel, γ = −0.5 is represented by the solid line, while γ = 0.5 is shown by the dashed line, 
with the parameter Q = 0.5. 

Markov-Chain Monte-Carlo (MCMC) parameter inference 
To translate the twin-peak QPO measurements into quantitative limits on the Dyonic 

ModMax spacetime, we analyse the X-ray binary systems GRO J1655-40, GRS 1915+105, XTE 
J1550-564, XTE J1859-226, and H1743-322. For each source we fit the Relativistic-Precession 
(RP) model to the observed upper ( ) and lower ( ) frequencies by means of an ensemble-
sampler MCMC implemented with the MCMC Python package[18-19]. 

The joint posterior distribution for the parameter vector 

     (1) 

is where  is the   the likelihood, and Z the evidence. We utilize independent 
Gaussian prior distributions. 

     (2) 
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where  for the parameters , and  represents their 
corresponding standard deviations. The previous values for the parameters of the black hole are 
outlined in Table (II). 

Based on the upper and lower frequency data presented in Sec. IV A, our MCMC analysis 
is designed to incorporate two separate datasets. Central to this analysis is the likelihood function, 
denoted as L, which is articulated as follows: 

,    (3) 
where log Lup denotes the likelihood corresponding to the upper-frequency data, calculated as: 

,  (4) 

Conversely, log  denotes the likelihood attributed to the lower-frequency data, expressed as: 

,   (5) 

Within this framework, the index i varies from 1 to an arbitrary integer, which denotes the 
number of detected upper and lower quasi-periodic oscillation frequencies. The frequencies 
identified through observation are represented as  and , corresponding to and 

, respectively. Moreover,  and  refer to their theoretical counterparts. Furthermore, 
 and  denote the statistical uncertainties associated with these measurements.  
Figure 2 illustrates the resulting corner plots, where the shaded areas represent the 

, and  credible intervals for each pair of parameters. The best-fit 
values along with their 1 σ uncertainties are summarized in Table III; in summary: 
Sources M/M⊙   
GRO J1655-40    
GRS 1915+105    
XTE J1550-564    
XTE J1859+226    
H1743-322    

The deduced masses are grouped within the range of 5 and 12  aligning with 
dynamical assessments. The charge parameter Q is non-zero but remains significantly below the 
maximum threshold in all instances, while the nonlinear coupling  varies from approximately −0.4-
0.4−0.4 to +0.2+0.2+0.2. These variations influence the local electromagnetic and gravitational 
fields, thereby shaping the twin-peak QPO spectrum unique to each system. In particular, the high 
charge of GRO J1655-40 ( ) amplifies electromagnetic forces in the innermost disc, while 
the negative value preferred for GRS 1915+105 modifies the effective potential, consequently 
enhancing the radial precession component. 
TABLE II. The Gaussian prior of the Dyonic Mod Max from QPOs for the X-ray Binaries 
Sources     
GRO J1655-40 5.4±0.3 5.39±0.33 0.225±0.5 0.5±0.20 
GRS 1915+105 12.4±0.3 5.73±0.37 -0.4±0.061 0.50±0.12 
XTE J1550-564 9.1±0.61 5.26±0.45 -0.25±0.4 0.50±0.20 
XTE J1859+226 7.85±0.46 6.26±0.46 -0.4±0.4 0.05±0.15 
H1743-322 9.78±0.24 5.56±0.13 0.29±0.02 0.761±0.15 
 
TABLE III. The optimal estimates of black hole parameters derived from quasi-periodic oscillations 
(QPOs) for the chosen X-ray sources. 
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FIG.2.This 
figure show Constraints on the parameters of Dyonic ModMax with GRO J1655–40, XTE 
J1859+226,  XTE J1550–564, GRS 1915+105 and H1743-322 from current observations of QPOs 
within the relativistic precession model.  

CONCLUSION 
The study examined three microquasars as candidates for stellar mass black holes. The 

results from the (MCMC) analysis are illustrated in Figure 2, where the shaded contours represent 
confidence levels of , and  for the posterior probability 
distributions across the entire parameter set. This figure is divided into four panels: the upper left 
panel pertains to GRO J1655–40, the upper right to GRS 1915+105, the lower left to XTE 1550–
564, and the lower right to XTE J1859+226. Detailed prior values for the parameters µ and σ, 

which characterize the distributions of the parameters , and r, are listed in Table II, while 
their best-fit values for these objects are presented in Table III. 
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