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Annotatsiya

Maqola chiziqli bolmagan akustika nazariyasi, plazmaning gidrodinamika nazariyasi, g‘ovakli mubhitlarda
suyuqliklarni filtralash masalalari va boshqa ko'plab amaliy masalalar ko‘pincha uchinchi tartibli kichik hadlar qatnashgan
differensial tenglamalar uchun chegaraviy masalalarga keltiriladi. Bundan ko'‘rinadiki, uchinchi tartibli kichik hadlar
qatnashgan differensial tenglama uchun chegaraviy masalalar yechish yuqoridagi amaliy masalalarni tahlillari va
xususiyatlari to‘g'risida to'liq tasavvurni ta’minlagan holda xususiy hosilali differensial tenglamalar nazariyasining dolzarb
yo‘nalishlaridan biri sifatida muhim ahamiyatga ega hisoblanadi.

Yuqorida ta’kidlaganimizdek ko'plab amaliy ahamiyatga ega bo‘lgan masalalar, jumladan, g‘ovak mubhitlarda

suyuqlik filtratsiyasi jarayonlari [1, 2] ko'p qatlamli mubhitlarda erkin sirtli yer osti suvlarining harakati [3] va boshqalar,
uchinchi tartibli differensial tenglamalar uchun chegaraviy masalalarni o‘rganishga olib keladi.
T.D.Juraev va A.Popeleklarni [4] magqolasida uchinchi tartibli differensial tenglamalarning toliq sinflash va

kanonik ko'rinishga keltirish bayon etilgan.
Singuliyar Bessel operatori qatnashgan uchinchi va yuqori tartibli psevdoparabolik tenglamalar uchun masalalar

[5, 6,7,8,9,1 0] ishlarda o‘rganilgan.

Ushbu maqolada bir jinsli bolmagan uchinchi tartibli giperbolik model tenglama uchun Koshi masalasi
o‘rganilgan.

AHHOMauus

Teopusi HenuHelHOU aKkycmuku, 2udpoOuHamuKka rnna3mbl, 3adadyu chunbmpayuu xudkocmel 8 MopuCMmbIX
cpedax u MHozue Opyaue npuknadHbie 3adadqu 4Yacmo npueodsim K KpaesbiM 3adadam Ornisi dugbghepeHyuarnbHbIX
ypasHeHUl mpembe20 rnopsdka ¢ ManbiMu YrieHamu. Omo yKasbieaem Ha mo, Ymo peweHue Kpaesbix 3aday 0ns
OugpghepeHyuarnbHbIX ypasHeHUl C MasbiMu 4YieHaMu mpembez2o nopsioka UMEeem 8axXHOe 3HayeHue Kak O00HO U3
akmyarbHbIX HarnpasieHuli meopuu dugghepeHyuarnbHbIX ypasHeHUU 8 YacmHbIX MPou38o0HbIX, obecrneyusas nosHoe
MOHUMaHuUe aHanu3a u ceolicme 8bILWeyrnoMsIHy MbIX MPUKIaoHbIX 3aday.

Kak yxe ommeyanocb, MHO2U€ [paKmuyecku 3Hayumble 3adayu, ekKsYas npoyeccsbl uabmpayuu
JKuOKkocmel 8 rnopucmbix cpedax, 08uxeHuUe nod3emMHbIx 800 cO c80600HOU MOBEPXHOCMbIO 8 MHO20CIOUHLIX cpedax u
Opyaue, Npusodsim K U3yHeHUro Kpaesbix 3aday 0515 dughgbepeHyuarnbHbIX ypasHeHUlU mpembeao nopsioka.

B cmambe T.[. [xypaesa u A. [Moneneka npedcmasneHa nosnHas Kraccugukayusi ougbghepeHyuanbHbIX
ypasHeHuUll mpembe2o nopsidka U ux rnpueedeHue K KaHOHu4Yeckomy eudy. B psde pabom u3sydeHbi 3adayu Ons
ricesdonapabonuyeckux ypasHeHUl mpembe2o U bosiee 8bICOKUX MOpsiOKos, a makxxe 3adaqu 05151 OughghepeHyuanbHbIX
ypasHeHull mpembe20 nopsidka ¢ yyacmueM CUHeysipHo20 oriepamopa beccernsi.

B daHHoU cmambe usydaemcsi 3a0ada Kowu Ons He0OHOpPOOHO20 2unepbonuyecko2o0 MooesibHo20 ypasHeHUs
mpembeao nopsioka.

Abstract

The theory of nonlinear acoustics, hydrodynamics of plasma, fluid filtration problems in porous media, and many
other applied problems often lead to boundary value problems for differential equations involving third-order small terms.
This suggests that solving boundary value problems for differential equations with third-order small terms is of great
importance as one of the relevant directions in the theory of partial differential equations, providing a complete
understanding of the analysis and properties of the aforementioned applied problems.
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As mentioned above, many practically significant problems, including fluid filtration processes in porous media,
the movement of free-surface groundwater in multilayered environments, and others, lead to the study of boundary value
problems for third-order differential equations.

In the article by T.D. Juraev and A. Popelek, the complete classification and canonical form of third-order
differential equations are presented. Problems related to third- and higher-order pseudoparabolic equations have been
studied in various works, as well as problems for third-order differential equations involving singular Bessel operators.

In this paper, the Cauchy problem for a nonhomogeneous third-order hyperbolic model equation is studied.

Kalit so‘zlar: uchinchi tartibli giperbolik tenglama, Koshi masalasi, klassik yechim, xarakteristikalar usuli,
fundamental yechim, Riman funksiyasi, Dyuamel printsipi.

Knrodesnble cnoea: eaunepbonuveckoe ypasHeHue mpembezeo mopsidka, 3adaya Kowu, Knaccuveckoe
peweHue, Memo0d xapakmepucmuk, gpyHOameHmasibHoe peweHue, hyHKkyusi Pumana, npuHyun Jioamenmes.

Key words: third-order hyperbolic equation, Cauchy problem, classical solution, method of characteristics,
fundamental solution, Riemann function, Duhamel’s principle.

KIRISH

Uchinchi tartibli differensial tenglamalar ko‘plab ilmiy va amaliy sohalarda, jumladan, chizigli
bolmagan akustika nazariyasi, plazmaning gidrodinamika nazariyasi, g‘ovak muhitlarda
suyugliklarni filtrlash jarayonlarida uchraydi. Ushbu sohalarda uchinchi tartibli kichik hadlar ishtirok
etuvchi differensial tenglamalar uchun chegaraviy masalalar muhim ahamiyat kasb etadi. Shu
sababli, bunday tenglamalarni o‘rganish xususiy hosilali differensial tenglamalar nazariyasining
dolzarb yo‘nalishlaridan biri hisoblanadi.

Ushbu magqgolada bir jinsli bo‘lmagan uchinchi tartibli giperbolik model tenglama uchun
Koshi masalasi tahlil qilinadi. Mualliflar klassik yechim topish uchun xarakteristikalar usulini
qgo'llaydilar. Shuningdek, Dyuamel printsipi asosida bir jinsli tenglama uchun masala yechimini
oshkor ko'rinishda topdilar.

ADABIYOTLAR TAHLILI VA METODOLOGIYASI

Uchinchi tartibli giperbolik tenglamalar uchun Koshi masalasi turli ilmiy tadqiqotlarda keng
o‘rganilgan bo'lib, u chizigli bo‘lmagan akustika nazariyasi, plazmaning gidrodinamika nazariyasi,
ko'p qatlamli muhitlarda suyuqglik filtratsiyasi va boshqa muhandislik muammolari bilan
chambarchas bog‘lig. Ushbu turdagi tenglamalarning tahlili va yechim usullari ko‘plab matematik
modellashtirish sohalarida muhim ahamiyat kasb etadi.

T.D. Juraev va A. Popelek [1] uchinchi tartibli differensial tenglamalarning tasnifi va ularni
kanonik shaklga keltirish masalalarini o‘rganib, giperbolik, parabolik va elliptik tipdagi uchinchi
tartibli tenglamalarga yechim topish strategiyalarini belgilashga asos yaratgan. Ushbu tadqiqotlar
giperbolik tipdagi uchinchi tartibli tenglamalar uchun Koshi masalasining dolzarbligini yana bir bor
tasdiglaydi.

Fundamental tadqiqotlar shuni ko‘rsatadiki, giperbolik tipdagi uchinchi tartibli tenglamalarni
yechishda xarakteristikalar usuli, fundamental yechim va Riman funksiyasidan foydalanish
samarali natijalar beradi [2-3]. Xususan, L. C. Evans [2] o'z ishlarida chizigli va chizigsiz giperbolik
tenglamalar uchun klassik va zamonaviy usullarni bayon gilgan bo‘lsa, R. Courant va D. Hilbert [3]
xarakteristikalar usuli va integral operatorlar yordamida yechimlarni topishning nazariy asoslarini
yoritgan.

Shuningdek, yuqori tartibli psevdoparabolik tenglamalar uchun ishlab chigilgan
yondashuvlar [4] uchinchi tartibli giperbolik tenglamalar uchun ham moslashtirilishi mumkin. Bu
usullar, aynigsa, fizik jarayonlarni modellashtirishda keng go‘llaniladi. Bundan tashqari, singulyar
Bessel operatorlari gatnashgan uchinchi tartibli differensial tenglamalar ham matematik fizika va
funksional analizning turli sohalarida muhim o'rin tutadi [5].

NATIJA VA MUHOKAMA

Tadgiqot natijalari shuni ko‘rsatadiki, uchinchi tartibli giperbolik tenglamalar uchun Koshi
masalasini yechishda xarakteristikalar usuli, fundamental yechim va Riman funksiyasidan
foydalanish aniq va ishonchli natijalar beradi. Ushbu usullar nafagat nazariy tahlil uchun, balki
amaliy muammolarda ham qo‘llanilishi mumkin. Ushbu natijalar ilgari o‘rganilgan ishlar bilan
solishtiriiganda, uchinchi tartibli giperbolik tenglamalar uchun Koshi masalasining klassik va
zamonaviy usullari o‘zaro uyg‘un holda ishlatilishi mumkinligi aniglandi. Aynigsa, Riman funksiyasi
va Dyuamel printsipi asosidagi yondashuvlar yechimni yanada umumlashtirish va real muhitlarga
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tatbig gilish imkonini beradi. Bu yo‘nalishlar kelajakdagi ilmiy tadgigotlar uchun istigbolli hisoblanadi
va giperbolik differensial tenglamalarni o‘rganishda yangi natijalar olishga yordam beradi.

Q, sohasida quyidagi tenglamani ko'rib chigamiz:

o o0\ o 0o
L=| 4+ 2| -
(az " 8x)[6t2 " axzj”(x’t) /(1) W
Masala 1. (1) tenglamaning ushbu
u(x,0)=u,(x),u,(x,0)=u(x),u,(x,0)=u,(x),xeR 2)

boshlang‘ich shartlarni ganoatlantiruvchi klassik yechimi topilsin.
Ta’rif. (1)-(2) tenglamaning klassik yechimi deyilganda, uzluksiz kerakli tartibdagi

hosilalarga ega bo‘lgan va (1), (2) shartlarini ganoatlantiruvchi u(x,t) funksiyasi tushuniladi.

Klassik yechim turli usullar bilan olinishi mumkin, masalan, xarakteristikalar usuli yoki L
operatorning fundamental yechimi yordamida, Riman funksiyasi yordamida.

Teorema 1. Agar u, € C(s)(R),u1 € C(z)(R),u2 € C(l)(R),f e C(Q, bolsa, u holda
(1)-(2) masalasining yagona klassik yechimi mavjud. Bu yechim quyidagicha ko‘rinishga ega:

u(x,t):%uo(x,t)+%u0(x—t)+%u;(x—z‘)+%xrul(s)ds+

—t

X+t t x+(1-1)
+% | (x+t—s)u2(s)ds+%f [ (x=s+t-7)f(s,7)dsdz
X 0 x—(1-7)

3)

Isbot. Masala chizigli bo‘lgani uchun, superpozitsiya printsipidan foydalanib, (1)-(2)
masalasining yechimini quyidagi shaklda gidiramiz:

u(x,t)zv(x,t)+w(x,t) (4)

bu yerda, V(x,t) funksiya bir jinsli bolmagan boshlang‘ich shartlarga ega bir jinsli

tenglamaning yechimi:
oV ,
LV:O,F(x,O):ui(x),l:0,1,2. (5)

w(x,l‘) - esa quyidagi bir jinsli boflgan boshlang‘ich shartli bir jinsli bo‘Imagan

tenglamaning yechimi:

i

Lw=f(x,t),aa—;v(x,0)=O,i=0,1,2. 6)

Shunday qilib, (1)-(2) masalasini yechish uchun fagat (5) va (6) masalalarini yechish
yetarlidir. Avval (5) masalasini yechamiz.

Bir jinsli tenglamaning (5) yechimini topish uchun uni kanonik shaklga keltiramiz. (5)
tenglamaning xarakteristik tenglamasi quyidagicha bo‘ladi:

(dx+dt)(dr —dx*)=0
Bu tenglamani integrallab, quyidagilarni topamiz:
x+t=C,x—t=C
Xarakteristikalarni f =X+t,n=Xx—t yangi o'zgaruvchilar sifatida tanlab, quyidagi
almashtirishni kiritamiz:
Viep = 0 (7)
bu tenglamani integrallasak,quyidagi naijani olamiz:
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n)=[[o.(&)dEdE +y () +w ()

bu yerda, ¢,y ,y, - ixtiyoriy differensiallanuvchi funksiyalar.
Ixtiyoriy funksiyani quyidagicha belgilaymiz:

[lo(&)dsds=p(¢)

Shunda (7) tenglamaning umumiy yechimini quyidagi shaklda yozamiz:

u =(0(§)+§'//(77)+'//1(77)

Eski o‘zgaruvchilarga qaytsak, (5) tenglamaning umumiy yechimini quyidagicha yozish
mumkin:

V(xt)=p(x+t)+(x+t)y(x—t)+y, (x—t) 8)
bu yechim, uchta uchinchi tartibli ixtiyoriy differensiallanuvchi @,y i, funksiyalarga
bog‘lig. Endi (8) umumiy yechimdan (2) shartlarni ganoatlantiruvchi yagona yechimni ajratamiz.

V(x.0)=(x)+(x)y (1) +y (x)=u,(x)
V.(x.0)=¢(x)+v (x)—xy'(x) =y, (x) =u,(x)
o V,(x,0)=9¢"(x)=2y'(x)+xp"(x)+ v, (x)=u,(x)

Funksiyalar @,y ,, topish uchun, (9) sistemani birinchi tenglamasini x bo‘yicha
differensiallab, ikkinchi tenglama bilan qo‘shamiz:

(0'(X)+l//(x)=%[u(')(x)Jrul(x)] (10)

Xuddi shunday, ikkinchi tenglamani x bo'‘yicha differensiallab, uchinchi tenglama bilan
qo‘shamiz:

14 ! 1 !
7 (1)~ (x)= 3 [, (x) + 1, ()] (1)
(10) va (11) dan quyldagllarnl topamiz:

C
go( + Iu ds+ J.x s ()ds+2+C
lﬂ( _[u ds -—
(9) sistemani blrlnchl tenglama3|dan topamlz
v, (x)== ——Iu ds——u )+— J.su ds—C

Topilgan funk3|yalarn| (8) ga qo'yib, mtegrallarlnl b|rlasht|r|b quyidagi formulalarni hosil

qilamiz:
V(x,t)= %uo(x +1)+ %uo(x —1)+ %uo (x—1)+

X+t X+t
+— |u (s)ds+ x+t— s)ds
(s 3 [ (rrr-s)u (o)
(12)
(6) masala yechimini topish uchun Dyuameli printsipidan foydalanamiz. (6) masala uchun
yordamchi masala quyidagicha bo‘ladi:
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LV =0V|_=0¥|_ =0V =f(xt)t>z (13)
Yangi erkli o'zgaruvchi ¢, = ¢ — 7 ni Kiritib, (13) masalani quyidagi ko'rinishda yozamiz:
LV = O,V|tl=0 = O,Vt|t1=0 = O,Vn|t1=0 = f(x,7),,>0

Buning yechimi quyidagi formula bilan topiladi:

X+

1
V(x,t,r):Z J (erz‘1 —s)f(s,r)ds
t o‘zgaruvchisiga qaytsak, (13) yordamchi masalaning yechimini quyidagicha yozish
mumkin:

x+(1-1)

V(x.t,7) =% j (x—s+t-17)f(s,7)ds
x—(t-1)
shunday qilib, (6) masalaning yechimi:

¢ x+(1-71)
w(x,t)zij (x—s+t—7)f(s,7)dsdr (14)
0 x—(t-7)
(12) va (13) qo'shib, (14) formulaga ega bo‘lamiz.
u, € (7(3)(1’3),ul € C(Z)(R),u2 € C(l)(R),f € C(Q,) shundan, (3) formula (1) va (2)

masalalarning klassik yechimini beradi, buni bevosita tekshirish orgali isbotlash mumkin.
XULOSA

Ushbu tadgiqotda uchinchi tartibli giperbolik tenglama uchun Koshi masalasi o‘rganildi.
Xarakteristikalar usuli, fundamental yechim va Riman funksiyasidan foydalanib, masalaning aniq
yechimlari topildi. Shuningdek, Dyuamel printsipi yordamida umumiy yondashuyv ishlab chigildi va
numerik usullar orqali natijalar tekshirildi. Tadqigot natijalari shuni ko‘rsatadiki, taklif etilgan
metodlar uchinchi tartibli giperbolik tenglamalar uchun Koshi masalasini samarali hal etishga imkon
beradi. Ushbu usullar matematik fizika, gidrodinamika va muhandislik sohalarida qo‘llanilishi
mumkin.
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