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SOHA CHEGARASIDA BUZILADIGAN TO‘RTINCHI TENGLAMA UCHUN ARALASH
MASALA

CMELWWAHHAA 3A0AYA ONA YPABHEHUA YETBEPTOIO NMOPAOKA,
BbIPOXOAIOLWENOCA HA rPAHULLbI OBJIACTU

A MIXED PROBLEM FOR A FOURTH ORDER EQUATION DEGENERATING ON THE
PART OF THE BOUND OF THE DOMAIN

Mamanazarov Azizibek Otajon ugli', Usmonov Doniyor Abdumutolib ugli?

"Mamanazarov Azizibek Otajon ugli — Senior teacher of Fergana State University
2Usmonov Doniyor Abdumutolib ugli — Master's student of Fergana State University
Annotatsiya

Ushbu maqolada to'rtburchak sohada Kaputo ma’nosidagi kasr hosilasini 0’z ichiga olgan to'rtinchi tartibli bitta
buziladigan tenglama uchun boshlang'ich-chegaraviy masala bayon qilingan va o‘rganilgan. Masala yechimining
mavjudligi va yagonaligi isbotlangan. O‘zgaruvchilarni ajratish usuli orqali, oddiy differensial tenglama uchun spektral
masala hosil qilingan. Bu spektral masala Grin funksiyasi yordamida simmetrik yadroli ikkinchi tur Fredgolm integral
tenglamasiga ekvivalent keltirilgan. O‘rganilayotgan masalaning yechimi spektral masalaning xos funksiyalar sistemasiga
nisbatan Furye qatorining yig'indisi sifatida topilgan.

AHHOMauyus

B daHHOU cmambe 05151 00HO20 8bIPOXOaKUe20Cs ypasHeHUs 4emaepmoeo rnopsidka, codepxauije2o0 OpobHyro
rpou3sodHyto Kanymo, e rnipsamoyeonbHol obrnacmu ghopmynupyemcsi u uccredyemcs HadyalbHO-Kpaeeas 3adauya.
[HokasaHbl cyujecmegosaHue U eOUHCMBEHHOCMb peweHuUs 3adadu. B mo xe epemsi nymem nipumeHeHuss memoda
pa3deneHusi nepeMeHHbIX K paccmampueaeMoli 3adadye rofiydeHa crekmparnbHas 3adaya O0ns O0ObIKHO8EHHO20
ougbgpepeHyuansHo20 ypasHeHus. [anee cmpoumcsi pyHkyus [puHa crnekmparnbHoU 3adayu, ¢ rmoMouwbio Komopol
OHa 3K8UBaNeHMHO C800UMCS K UHMeeparibHOMy ypasHeHuto ®pedzonbmMa 8mopo2o poda ¢ CUMMEemPUYHbLIM OPOM.
PeweHue paccmampueaemoli 3afayu 3arnucaHo 8 sude cyMmbl psida @ypbe no cucmeme cobcmeeHHbIX hyHKUUL
criekmparsbHol 3adayu.

Abstract

In this article, for one degenerate equation of the fourth order, containing the fractional derivative of Caputo, in
rectangular domain, a initial-boundary problem is formulated and investigated. The existenceand uniqueness of the
solution of the problem have been proved. At the same time, by applying the method of separation of variables to the
considered problem, a spectral problem for an ordinary differential equation has been obtained. Next, the Green's
function of the spectral problem was constructed, with the help of which it is equivalently reduced to an the second kind
Fredholm integral equation with a symmetric kernel. The solution of the considered problem has been written as the sum
of a Fourier series with respect to the system of eigenfunctions of the spectral problem.

Kalit so‘zlar: buziladigan to'rtinchi tartibli tenglama; chegaraviy masala; spektral masala;, Grin funksiyasi;
integral tenglama; yechimning mavjudligi va yagonaligi.

Knrodeenle cnoea: ebipoxdarujeecs ypasHeHuUe 4emeepmoz0 rnopsika, Kpaeeas 3adauya, crieKkmparbHas
3adayva, yHkyusi [puHa, uHmMeepanbHOe ypasHeHue, CyuecmeosaHue U e0UHCMEEHHOCMb PEUEHUS.

Key words: degenerate fourth order equation; initial-boundary value problem; spectral problem; Green's
function; integral equation; existence and uniqueness of the solution.

. INTRODUCTION

It is known that the theory of differential equations has a long and rich history. Until the last
quarter of the twentieth century in this theory integer-order differential equations were considered.
In connection with the development of fractional (differential and integral) analysis beginning in the
late twentieth century, researchers began to deal with differential equations containing fractional
derivatives. At present, numerous scientific articles have been published that consider initial,
boundary and spectral problems for differential equations (both ordinary and partial derivatives),
containing fractional derivatives with various modifications (see e.g. [1] - [4] and [5], as well as the
cited there literature). The books [6] and [7] played a significant role in the development of this
trend. Below we provide a brief overview research (close topics of this article) by a fourth-order
partial differential equation containing a fractional derivative of an unknown function by temporary
variable.
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In the papers [8] — [10], initial boundary value problems for a one-dimensional and two-
dimensional fourth-order equation containing the operator fractional differentiation of the Caputo
with respect to the time variable, and in [10] the inverse problem is also considered. Initial-
boundary problems also studied for fourth-order equations with fractional differentiation operator
Hilfer, Dzhribashyan-Nersesyan and Riemann-Liouville, respectively, in the papers [11], [12] and
[13]. The direct and inverse problems for a mixed-type fourth-order equation with the Hilfer
operator are studied in [14] and [15], respectively. In this direction, we also note the works [17] and
[18], where inverse problems of determining the order of a fractional derivative in the sense of
respectively Riemann-Liouville and Caputo into the subdiffusion equation and the wave equation
with an arbitrary positive operator, having a discrete spectrum.

In the papers listed above, only non-degenerate equations were considered. But both local
and nonlocal boundary value problems for degenerate partial differential equations containing
fractional derivatives of an unknown function remain unexplored. The study of boundary value
problems for such equations is of great importance not only from a theoretical point of view, but
also from a practical one, because such equations and problems for them arise in mathematical
modeling of many problems in the theory of gas and hydrodynamics, the theory of small bendings
of surfaces, mathematical biology and other branches of science.

Initial-boundary value problems for degenerate equations with fourth-order frequent
derivatives containing the first and second time derivatives were previously studied in [18] - [20].

Il. STATEMENT OF THE PROBLEM
In the domain €2 = {(x,t) O<x<l,0<t< T} we consider the following equation

cDou(x,t)+ [xﬂum(x,t)]xx = f(x.1), (1)
where CD; is Caputo fractional differential operator «r order [1]
1 g(")(z)dz
Dl g(t)= —
Cc0¢ () F(n—a)o(t—z)y 1
a, B, 1, T are given real numbers, such that 0 < <1, 0< <1, [,T >0; f(x,t)is agiven

function on Q.

(n=Re(y)+1>0)

A function u(x,t) satisfying in the domain €2 equation (1) and the following conditions
u(x,t) € C(Q), CD(f‘tu(x,t), (xﬁuxx) € C(Q) is called regular in the domain €2 solution of
the equation (1).

For the equation (1) in the domain €2 we investigate the following mixed problem:

Problem.Find a regular in the domain € solution of the equation (1) satisfying the following initial
condition

u(x,0)=p(x), 0<x<I (2
and the following boundary conditions:

u(0,0)=0,0<¢<T,u (0,t)=u,(Lt)=u, (l,t)=0,0<t<T, (3

where ¢(x) is a given function continuous on [0,], such that ¢(0)=0.
Firstly, we consider homogeneous equation

¢ Dyu(x,t)= [xﬁuxx (x,t)} : (x,t) eQ.
We seek solution of the equation (1) satisfying condition in the form u(x,t) = v(x)T(t).

Then, with respect to the function T(t) , we get the following equation

| 14 | 2023/Nel |
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Dy T(t)—AT(1)=0,
and with respect to v (x ), we get the following spectral problem:
"
Lv:[xﬁv"(x)} =/1v(x), xe(0,7); (4)
V(O):v'(O):v"(l):v'"(l):O, (5)
i.e. a problem finding those values of the parameter A for which there exist nontrivial solution of
equation (4) satisfying conditions (5).

Let's investigate problem {(4),(5)}. At first, we define the sign of the A . To do
this,multiplying the both sides of (4) to the function v(x) and integrating on [0,/], we obtain

lj j d "(x)}"v(x)dx.

Using the rule of integratlon by parts two times on the right part of the last equality, we get

ﬂ,j dx—[ xPv (x)},v(x)—xﬂv"(x)v'(x)}0 +j;xﬂ [v"(x)]2 dx .

From here, taking into account condition (5), we have

/1_[ I 'B[v” ]2dx,

from which it follows that A4 > 0.

Let be A =0, i.e. consider the equation [xﬂv"(x)J” =0. The general solution of this
equation has the form
(r)=C— " c— > Cox+C
v(ix)= + +Cx+C,,
(2-8)(3-8) “(-p)(2-p) T

where Cj, Jj= 1,_4 are arbitrary constants.

Satisfying this function to the conditions (5), we get
C,=0,C,=0,Cl+C,=0,C,(1-p)I-C,5=0,
from which it follows that C; = C, = C; =C, =0. Hence, v (x)= 0. From the above proved it

follows that problem {(4),(5)} can have nontrivial solution only for 4 >0 .

Now we are engaged in the proof of the existence of eigenvalues and eigenfunctions of the
problem the problem {(4),(5)}. For this aim we construct Green function of the problem {(4),(5)}. It is
unique and represents as follows [bawikysnes. C. 181]:

G(x,s)= (2—%Z(j—ﬂ) (l—ézz(zﬁ_ﬂ)’ x<s,
(2—ﬂ)(3—ﬂ)_(l—ﬁ)(2_ﬂ)ﬂ xX>S.

Then the problem {(4),(5)} will be equivalent to the integral equation [1]
1

:lIG(x,s)v(S)dS. (6)
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Since G(x,s) is symmetric and continuous kernel, then from the theory of integral equations with

symmetric kernels [2] it follows that equation (6) [hence problem {(4),(5)}] has a countable set of
eigenvalues

O<A <A <A<
and corresponding orthonormal eigenfunctions
vy (3),v, (%) (%) s
and also an arbitrary function g(x)eL2 [O,Z] expands into a series in these eigenfunctions,
which converges on average.

lll. CONVERGENCE OF BASIC BILINEAR
Lemma 1. On the interval [O [ ] the following series converge uniformly:

§0i () f[vk ()] [x vZ(ﬂ]f{[x V1)

’ 2
k=1 2‘]{ k=1 k 1 k=l /1](

Proof. Since for OS,B<1 the kernel G(x,s) of integral equation (6) is symmetric,

continuous and positive-definite, on the basis of the Mercer’s theorem (cm. W.I". MNeTposckui [3]),
we get

G(X,S)zim,

k=1 ﬁvk

particularly

b L2
kaﬂfx) :G(x,x)Sconst. (7)

b
Il
—

=

+00
Hence, it follows that the series Z[v,f (x) / lk} converges uniformly.
=1

From the integral equation (6), taking continuity of the function G (x,s) into account, we get

or
x@G(x,s) l@G(x,S)

A =1 |—= ds+ 1 | ——= ds .

vk(x) k_([ . vk(s) s + k}[ . vk(s) s

Using equation (4), from the last, we obtain

v, (x)= Im[sﬁv,f(s)}” ds + jM[SﬁVZ(S)]" ds .

,  Ox T Ox
From here, applying the rule of integrating by parts two times, we get
0G(x,s 1 0*G(x o
A (x) = —(gx )[sﬂv,f(s)} _—éx(as ) o Z(S) +

s=0
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aG(’x’S) " ' azG(x’S) " B l 63G(.X' S) "
+ . [sﬂvk (s)} _—8x8S ﬁvk (S N +'([—8an Sﬁvk (S)ds.
2
Taking into account 8G(g;c,0) =0, 4 ZS;O) =0, v{(7)=0, v/(1)=0 and the continuity of
2 !
the functions 8G(g;c,s) , 0 gx(a);’s)forx= S v,'('(s), [sﬂv,'('(s)} , we write the last equality in
the form
v, (X) _Jl.aBG(x’S) j. " 70 ) Sﬁ/ZVZ(S) ds
k - 5 Ox0s” ) axas | \//1_/{
or
’ / 83G B B2
v, (x) :J~ Nz (x,s) S vk(s) s ®)
\//Tk 0 Ox0s” \/Z

+00

is orthonormal system. Indeed,

It is easy to show that { ﬂ/zv,:(s)/\/zk}
k=1

(lklm)_l/zjsﬂ/sz(s) s"! (s)ds =(AA,) ij'BVZ(S)V;;(S)dS:
=(4A, )_1/2 {sﬂv,'c'(s)v,'; (s)- |:S'BVZ(S):|I v, (s)} +(A4A4, )_1/2 _:[[sﬁv,'g(s)}” v, (s)ds =
=JA /A, j-vk (s)v, (s)ds 2{0’ npu ke m. :

0
I, npu k=m.

Then from (8) follows that function v, (x)/ql/lk can be considered as the Fourier
83G(x,s)

2

BI2

coefficient of the function s with respect to variable s .

OxOs
83G(x,s)

2

If for all x s”*

el, [O,Z] , then based on Bessel’s inequality, we obtain
[vk l 83G x S
. 9
k : J { Ox0Os” } s ©)
We shall prove that the right hand part of the (9) is I|m|ted
! 3 2 x 3 3-p 2-p ?
J‘s'{%x’;)} ds:jsﬂ 0 { al — X } ds +
0 OXOs ) Ox0s (2—,8)(3—,8) (1—ﬂ)(2—ﬂ)
[ 3 3-B 2-B 2 1
+Jsﬂ 0 5 { > — i } ds = jsﬁ (—s‘ﬁ )2 ds =
(oot [(2-8)(3-8) (1-5)(2-P) g

| 2023 Nel | 17 |
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_ [P —xte F
:Is Pds = < < +00.

| |

~+00 D)
From the last we conclude that series Z{[v’(x)] /lk} converges uniformly.
k=1

oG (x,s
Further, from the equation (6), taking into account the function %is continuous, we get
X

2
XV (x)= ﬂijﬁ%vk (s)ds (10)
0

or

!
B 2
A [0 T, )

2
X,S
From here considering [x vk( )/lk] as the Fourier coefficient of the xﬂ%, based on
X
Bessel's equality, we obtain

P (11)

We show that the right-hand part of the last equality is limited:
l

N

0

x 13
J‘(x —2sx+ 5 )d =—x <—.
) 3
~+00
Hence, series Z{[xﬁv,':( )] /l,f} converges uniformly.
k=1
- | - 4 0G(xs)
Similarly, from equation (5), taking into account the function x T is continuous, we get
X
!
[xﬁv,'{'(x)} (0| ,0°G(x,s)
—=J‘— X' 5 vk(s)ds.
A, ) Ox ox

Hence, on the basis of Bessel’s equality, we have
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f[(mi(f))l} I {ax{ %xs)}} P

k=1
We show that the right hand part of (12) is limited:

Hg{ 4, 0°G(x,s }} o I{ [ sx_ﬂ)]} dS:H%(x—s)Tds:x<l,

2
Hence it follows that the series Z{[xﬂv,f( )} //’tkz} converges uniformly.
k=1

IV. THE ORDER OF THE FOURIER COEFFICIENTS
Lemma 1.Suppose the following conditions hold:

f(x), f1(x)ec[o,].x"?f"(x) e L,[0,1], £(0)=f'(0)=0.

Then the following Bessel type equality is valid:
w 1
2
Y AL <[ [ f(x)] dx. (13)
k=1 0
Particularly, it is possible to assert convergence of the series in (13).

Here in after fk denotes Fourier coefficient of the function f(x) by the system of

eigenfunctions v, (x) :
Proof. Let’s consider the functional

J—J‘xﬁ{{f(x)—gfkvk(x)]}zdx—jxﬁ[f”(x)]zdx+j;x {sz }dx—

—2I o1 (x {ka }dx# L )]zdx+';21ﬁixﬂ[v2(x)]2dx+

+2Zﬁcfjxﬁvz x)dx—2§ﬁjxﬂf"(x)v2(x)dx_ (14)

k,I=1
k#l

Integrating by parts twice, we get
l

jXﬁVk(X) = )dx_[xﬁvk(x)vl,(x)_[xﬂvl(x)} vl(x)}x_l +

0 x=0
" 0 npu k=#I,
+ xﬂvk x)dx =4, jvk )dx—{/lk e
Similarly integrating by parts we obtain
] , x=[
% f"(x)v,g(x)dx_[xﬁvg(x) £ [ (x)] f(x)} .
0 x=0
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+I xﬁv,;' x)dx = /ljf x)v(x)dx=2,f,. (16)
By virtue of (15) and (16), from (14) it follows that

[ n—1
2
= [¥[f"(x) ] dx =D A/ 20 forVneN.
0 k=1
From the last inequality, it follows that the fairness of the inequality (14).

Lemma 2.Suppose that the following conditions hold:

£(x), £1(x). X1 (x), [ (x)] eclod], [# 17(x)] eL,]o.1],
7(0)=r'(0)=s"(1)= f"(1)=0.

Then the following Bessel type equality is valid:

S A SJ‘[(xﬁf"(x))”} dx. (17)

Particularly, it is possible to assert convergence of the series in (17).
Proof. By virtue of the conditions of lemma 2 equality (16) is fulfilled. In addition, the following

equality is valid as
1 1 ,
j 'Bf" =I[xﬂf”(x)} v, (x)dx. (18)
0 0

Indeed, integrating by parts the left hand part of the last equality gives
l

J xﬂv,';(x)f"(x)dx:{xﬂf'xx)v,;(x)—[xﬂf"m]’vk<x>}

+j-[xﬂf"(x)}” v, (x) dx .

0

x=I[

+
x=0

Taking into account xﬂf"(x), [xﬁf"(x)], are continuous on [O,l] and boundary
conditions v, (0) = v,’( (0) = (), and also conditions f"(l) = f"'(l) = (), we get

i@ L] <o

From (16) and (18) it follows that
1

.([[xaf"(x)]” v (x)dx=4,f,.

"

Hence, 4, f, is the Fourier coefficient of the function Lf E[xﬁf"(x)] , or

(1), {( () } it (19)
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14
Writing Bessel’s inequality for function [xﬁf”(x)] and taking equality (19) into account,

we get sought inequality.
V. Justification of the method of Fourier
Theorem 1. Suppose that the following conditions hold:

1. ¢ (x) satisfies conditions of the lemma 1.
2. f (x,t) satisfies conditions of the lemma 1 uniformly with respect to t

3. ﬂ(x,t) satisfies conditions of the lemmas 1 and 2 uniformly with respect to variable t .
Then the following

u(x,t)= Z{(p E,,(~41%)+ j (t=2)" E | -2 (t=2)" | fk(z)dz}vk(x)(ZO)

series will be regular solution of the problem {(1),(2),(3)} where E (z) is two-parameter
Mittage-Leffler’s function[]:

+00 n

E, ,(2)= zm

Proof. We shall seek solution of the considered in the form

x t):ng(t)vk(x) @1)

where v, (x) k € N are functions which are defined by (7), and T;((t) k € N are unknown
functions.
Expanding functions f(x,t) and (D(x) to series by functions v, (x) we get

=2 A 0@ 0x)=Tom(x) @
where
=[F(xt)v(x)dx. ¢, =[p(x)v,(x)dx. (23)
Substituting (21) and (22) into equation (1) and the condition (2), we obtain

+00

> Di, ZT IESAOIE WAGEIE)
;nwwuw=§%wuw

From the last equalities, by virtue of (4) and completeness of the system of functions
v, (x) k € N in the space LZ(O,I), it follows the following problem with respect to unknown
function Tk(t) .
CD(i‘T;c(t)-i_ﬁ“kT}c(t):f}C(t)’ Tk(O)Zq)k :

It is known the solution of this problem represented as follows [ ]

T(1)=E,, (-4 o +_(i;(t—z)a_l £, [ (=2 £ ()
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Substituting this expression of Tk (t) into (21), we obtainformula (20).
Now, we show uniformly convergence of the series
u(x,t), u (x,t), x’u_(x,1), [xﬁuxx (x,t)]x, e Dyu(x,t).

Using the rule of integrating by parts we rewrite (20) as follows

xf)= ;ZOO:EQ,I(—Zkt“)(pkvk(x)+ gEW(_zkﬂ) £.(0)v, (x)+
+z j (=2) By =4 (t=2)" | £(2)dz v (). 24)

The following lemma is valid [].
Lemma 4.
We show absolute and uniformly convergence of the series in the right hand side of (24).

From the lemma 4 it follows that Mittag-Leffler function is bounded, i.e.
|E, ,(=z)| <M, 0<M <+, z>0. (25)

One can easily verify that the following inequalities are valid:

. — 2 12
ZEa,l(_ﬂ‘kta)(ok 'Vk(x)‘SM|:Zlk(plf’ZVkéX):| )
k=1 k

— k=1

ka aa+1( ikta)vk(x)gM'Ta{gikﬁz(o)'i‘}i(x)} )

k=1 Zk

+00

;_:[(t—z)a E, [~ (1=2) | 11(2) v, ()<
T2+ {j‘iif i@} |

200 +1 = =1 M
We show the validity of the first inequality. Using (25) and Cauchy-Schwarz inequality, we

get
Z Ea,l(_/lkta)(ok v (x) SMZ‘% Vi (x)‘ -

k=1
o 2 ¥ 1/2
)< Zm 3 ﬂ()} |
k=1 e

+00

s v, (x
=M Ao - k(
;\/_k% \//Tk

Similarly, one can show validity of the second and third inequalities.
From these inequalities, taking into account lemma 1 and lemma 2, it follows that absolutely

and uniformly convergence of the series of (24) and u(x,t) € C(ﬁ) :

Differentiating (25) with respect to x , we obtain

X t) = Z:Ea’1 (—)tkta )(Psz'c (x) + Z:E(w+1 (—)tkta )ﬁ (O)v,'c (x) +
k=1 k=1
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=) Ee[ A2 | (). o

k=1 g
Analogously, it can be shown that the following inequalities hold:

had +o0 12 12
Z Ea’l(_ﬂkl‘a)Qka( ‘<M|:Z/1k¢k Z‘:{ :| :
k=1 "

= k=1

+00

|, (<40 ) £, (0)vi (x)| < M- T“{Zﬂfk iql/z’

k=1 k=1 ﬂ‘k

+o0 L

z j (1=2)" By 2 (1=2)" | £ (2)dz v () <
T2 ﬁiﬂ fk'2 i@} |

20 +1| 45T = MY

From the last inequalities by virtue of the conditions of the lemma ...it follows that the
absolute and uniformly convergence of the series in (26).
Now, differentiating (26) with respect to x and multiplying the both sides of the taken

equality to xﬂ, we obtain

= Eyy (A Yo () + 3 s () £, 0DV ()4
+ZI“ Ey| A (1=2) | 11(z)dz- 5"V (x). @)

k=1 ¢
We show the convergence of the series in (27). Firstly, we show that the following

inequalities are valid:
5 V2
[xﬁ ()] }

+00

2.

k=1

Ea,l( )(Dkx Vk( )‘ |:;ﬂ‘k2

k=1

i T opon 5 12
E, (=A%) £,(0)x"{ (x)| < M -T{Zzg 72(0) ZM} |

502 B[~ l0-2) @) 1)

p2a [T s oo 282 1/2
<ur. Dzl 2 ZLAX)} |

2
200 +1 = k=1 lk
Let’s prove the first inequality. Taking into account (25), we get

i E,, (_}‘kt )%xﬁvz'! ‘ < MZ‘(DkxﬁVZ ‘ = Mf: AP -
= P

o!—’w

—_

xﬁv,f(x)
A '

J co2sNer s |
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Applying Cauchy-Schwarz inequality from the last, we obtain proof of the first inequality.
The second and third inequalities are proved similarly.
Using the same method one can prove absolute and uniformly convergence of the series in

[xﬂuxx (x,t)} :
Now, we investigate CDgiu(x,t). Applying differential operator CD(‘)’; to the both sides of

(24) and taking into account . DT, (t) =-AT, (t) and also the view of the function 7, (t) we
find

+00 +00

CDg‘tu(x,t) = —Z LE,, (—/Ikt“ )(pkvk (x) - Z:ﬂ,kE(m+1 (—ﬁkt“ )fk (O)Vk (x) -

(1=2)" By =2 (1= 2)" | £1(2)dz v, (x)

And convergence of the series in CDg‘tu(x,t) follows by the following inequalities

|
M
o
O e

+00

. 2 12
Z ﬂ‘kEa,l(_ﬂ“kta)(Dka (X)‘SM{Z,L?@? Z Vkéx):| ,
k

k=1 k=1 k=1

+00

2.

k=1

(4 VO | S22 S0

—+00

2

k=1

lki(z o) B[ A=) () ()

<M - e {Tilsﬂ,z(z)dZ'EOZVZ;X)} '

2a+1] 443 [
These inequalities are proved the same method as above-proved inequalities. From these
inequalities, it follows the absolute and uniform convergence of the series in CDooiu(x,t).
Theorem 1 has been proved.

VI. THE UNIQUENESS OF THE SOLUTION OF THE PROBLEM
Now, we prove the uniqueness of the solution of the problem. For this aim, we introduce the
following function

!

T, (t)= [u(x.t)v, (x)dx. (28)
Based on (27), we consider the following auxiliary function ’
I-¢

T, (t)= [ u(x.t)v,(x)dx, (29)

&

where ¢ is sufficiently small positive number.

Applying differential operator CDg; to (29) and using homogeneous equation
corresponding equation (1), we get
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I-¢

Dy, (1)=- I [xﬂuxx (x,t)lcx v, (x)dx.

&

Using the rule of integration by parts four times from the last equality, we get

DT, (t) = —{vk (x)[xﬂuxx (x,t)lc -V (x)xﬂuxx (x,t) + xﬂv,'! (x)ux (x,t) —
[xﬁv,'('(x)],u(x,t) J [xﬂv,'(' }’u(x,t)dx. (30)

Passing to the limit as &€ — 0 and taking (4) and (28) into account, from (30), we derive

DT (t)+ AT, (1)=0. (31)
From (28), we have
!
Z{(O)zju(x,O)vk(x)dx:gok. (32)
0

It is known that, the solution of the equation (31) satisfying condition (32) is represented as follows
T, (t) =L, (_}“kta) :
Let (o(x) =0, xe [O,Z]. Then from the last equality taking into account (28) for all t € [O,T]

and k € N it follows that
I

ju (x,2)v, (x)dx=0. (33)
0
As since problem {(4),(5)} is self-adjoint, its eigenfunctions will be complete system in L, [O,l].

Taking this account from (33), we get u(x,t) = () almost everywhere on [O,Z] for all f € [O,T].

By virtue of u(x,t) € C(ﬁ) , we obtain u(x,t) =0inQ. Thus, homogeneous problem has only

trivial solution and this give us the uniqueness of the solution of the considered problem.
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