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Annotatsiya
Mazkur ishda vaqt yo‘nalishlari turlicha bo‘lgan aralash tipdagi bir tenglama uchun qo‘yilgan chegaraviy masala
yechimining mavjudligi va yagonalini isbotlangan.
AHHOMauyus
B Hacmoswel pabome cgopmynupoeaHa kpaeeasi 3aladya Onisi ypasHeHus rapabono-aunepbosnudyecko2o
muna ¢ pasnuYHbIMU HanpasaeHUusIMuU epeMeHU U 00Ka3aHo cyujecmeosaHue u eOUHCMeeHHOCMb 3adayu.
Abstract
In the present work, a boundary-value problem has been formulated for a parabolic-hyperbolic equation with
different time directions and the existence and uniqueness of the problem has been proved.

Kalit so‘zlar: Aralash tipdagi tenglama, chegaraviy masala, integral tenglamalar usuli.
Knrouyesnble cnoea: YpasHeHue cMewaHHO20 muria, Kpaeeas 3adaya, MemoO UHmezparbHbIX ypagHeHul.
Key words: Equation of mixed type, boundary value problem, method of integral equations.

KIRISH
xOy tekisligining D = D, U D, U D, sohasida ushbu

u_—u =0, (x,t)eD,,
O=Lu=<u_-u,=0, (x,t)eD,, (1)
u,+u =0, (x,t)eD,

tenglamani qaraylik, bu yerda D, = {(x,t) 0<x<400,0<t< 1} ,
D ={(xt):—x<t<x-1,0<x<1/2}, D,={(x1):-1<x<0,0<t<1}.
Ushbu I ={(x,t):=1<x<0,t=0}, I,={(x,0):0<t<1, x=0}

belgilashlarni kiritib, (1) tenglama uchun D sohada quyidagi masalani o‘rganamiz:
1-masala. Lu =0 tenglamaning

u(x,0)=¢,(x), 1<x<+o0; 2)
u(x,0)=¢,(x), —1<x<0; (3)
u(x,l)=¢,(x), -1<x<0; (4)
xlirﬂou(x,t):O, 0<r<l; (5)
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u(x,—x)=y,(x), 0<x<1/2; (6)

u(x,x-1)=y,(x), 1/2<x<1 (7)

shartlarni ganoatlantiruvchi u(x, y) eC(E) NC'(D,w D, wD,Ul) regulyar yechimi
topilsin, bu yerda ¢,(x), i:1,_3 va wj(x), i=1,_2 berilgan funksiyalar.

Masalaning tadgiqoti. Qo‘yilgan masala yechimining mavjudligi va yagonalini isbotlaymiz.
Shu maqgsadda, masala shartlariga asoslanib, quyidagi belgilashlarni kiritaylik:

u(x,—0)=u(x,+0)=7,(x), 0=<x<1; (8)
u(=0,t) =u(+0,t)=1,(2), 0<t<1; (9)
limu (x,t)=lmu (x,t)=17,(¢), 0<t<l, (10)
X+ X0
bu yerda 7,(x), 7,(¢), 7,(¢) - noma’lum funksiyalar.
U holda masala yechimini D, sohada u_ —u,=0 tenglama uchun (6) va
u(x,+0)=7/(x), xe [0;1] shartlarni ganoatlantiruvchi yechimi sifatida ushbu

m+x—t m+x+t
wn=streion (2 (T

ko'rinishda aniglashimiz mumkin [1]. (11) yechimni (7) shartga bo‘ysundirib, noma’lum
7,(x) funksiyani ushbu ko‘rinishda topamiz:

1 1
7(x) = w( = j w%?%éj—me,OSxSL (12)

Endi masalani D, sohada qaraylik. Ma’'lumki, u_ —u, =0 tenglamaning D, sohaning
yopig‘ida aniglangan, uzluksiz hamda (2), (5) va ushbu

u(x,0)=17,(x), 0<x<I; (12)
lirr})ux(x,t) =17,(1), O<t<l; (13)

shartlarni qanoatlantiruvchi yechimi ushbu

u(x,t)= J‘\/7 —1/2(X§j R 7,(8)dS +

(14)

J ( j*’“ a@ae- | L [eopa—ny ey

ko’ rlnlshda aniglanadi [2], bu yerda ]p(z)—mavhum argumentli Bessel funksiyasi bo'lib
[3,4], quyidagi ko‘rinishda aniglanadi:
(Z /2
1,(2)=). .
T (k+1/2)

(14) tenglikda x ni nolga intiltirib va (9) belgilashni e'tiborga olib, noma’lum 7, (¢) va 7,(¢)

)2k—1/2

funksiyalar orasidagi [, sohadan olingan quyidagi

1 4
w)=—ﬁjr3<n)<n—r>4dn+®l<z>, 0<r<1  (15)
0

munosabatga ega bo‘lamiz, bu yerda
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®,(0)= ()| [r,(§e T d+ [ g (§e df}.

Endi masala shartlarini e'tiborga olib, u  +u, = 0 tenglama va (2), (3)
shartlarda x ni nolga intiltiramiz. Natijada 7, (¢) va 7,(¢#) noma’lumlar orasida ushbu
" () +1,()=0, 0<t<l (16)

ko‘rinishdagi ikkinchi munosabatga va

7,(0) = ¢,(0), ,(D=¢,0),  (17)
shartlarga ega bo‘lamiz.
Agar (15), (16) va (17) munosabatlardan foydalanib, 7,(f) va 7,(f) noma’lum

funksiyalarni bir giymatli topsak, u holda D0 sohada masalaning yechimi (14) formula orqali, D2

sohada esa u, +u, =0 tenglama uchun birinchi chegaraviy masalaning yechimi sifatida [4]
1

ushbu  u(x,1) = [7,(7) G, (x,:0,m)dn + [ 9,(£) G, (x,5:£,0)dé = [ p,(£) Gy, (x, £, 1) dE

0
(18)
ko‘rinishda aniglanadi[5, 7] bu yerda

2 2
G ()= Z{ { u}p[u}}
N ﬂ(cf 4(& —x) 4(& —x)

Shuning uchun bundan buyon { (15), (16), (17)} tenglamalar sistemasini yechish bilan
shug‘ullanamiz. Kasr tartibli integral operator Do_ta ning ko‘rinishidan foydalanib, (15) tenglikni
quyidagi

r,(t)=-D," r,(t) + D,(r), 0<¢t<1
ko'rinishida yozib olamiz. Bu tenglikka Do; differensial operatorni tatbiq qilib va
D,? D, ,(t) = 7,(t) tenglikni hisobga olib[ ], ushbu
7,(t)=-D,’ 7,(t) + D, ®, (1), 0<r<l (19)
tenglikka ega bo‘lamiz. Buni (14) tenglamaga qo'yib, quyidagi
7, ()-Dy’ 1,()=-D’ @,(t),  0<t<l (20
integro-differensial tenglamani hosil gilamiz.

(20) tenglamaning (17) shartlarni ganoatlantiruvchi yechimi mavjudligini va yagonaligini
isbotlaylik. Avval bir jinsli masalani, ya'ni

7, (t)- Dy’ 7,(t) =0, O<t<l; (21)

7,(0)=7,(1)=0 (22)

masalani qaraymiz. Faraz qilaylik, bu masala 7,(¢) #0, 0<7 <1 yechimga ega bo‘lsin.

Unda Sup‘z'z(t)‘:‘rz(f)‘;to, & =const 6[0;1] bo‘ladi. (22) shartlarga asosan & e(O,l). U
holda 7,(¢) funksiya ¢ = & nugtada musbat maksimumga yoki manfiy minimumga erishadi. Buni

hamda butun hosilalarning xossalarini va kasr tartibli differensial operator uchun ekstremum
prinsipini e'tiborga olsak [8], 7, (&) —musbat maksimum (manfiy minimum) bo‘lganda

0,"€)<0=0. D5 ,>0(<0)

tengsizliklar o'rinli bo‘ladi. Bularga ko‘ra
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0,"() =Dy} 1,(0)]_,>0(<0)

tengsizlik ham ofrinli bo‘ladi. Bu tengsizlik (21) tenglamaga ziddir. Hosil bo‘lgan bu garama-
qarshilik 7,(¢#) #0, 0<¢ <1 degan farazimiz noto‘g'ri ekanligini ko‘rsatadi. Demak, {(21), (22)}

masala faqat trivial yechimga ega ekan. Bundan agar {(17),(20)} masalaning yechimi mavjud
bo‘lsa, uning yagona bo‘lishi kelib chigadi.
Endi {(17),(20)} masala yechimining mavjudligini ko‘rsatishga o‘tamiz. (20) tenglikni

7, ()=D\r,()-D\*® (1), 0<t<l
ko‘rinishida yozib, uning o‘ng tomonini ma’lum funksiya deb hisoblasak, {(17),(20)}
masalaning yechimini

0, (t)= [ H(t,n) D} [7,(7) = ,(1)]dnn +[0,(0) — 9, (0)]t +¢,0),  t&[0,1]

ko'rinishida yozish mumkin [6,8], bu yerda

o _Jtm-D,  0<t<p;
(L) = n(—1) n<t<l.

Bu tenglikda ¢,(0) =0 ekanligini hisobga olib va Dl > £(n) ifoda o'rmiga uning
Dy} ()= _Td_ j (n-2)""f(2)dz
yoyilmasini gqo‘yib, so‘ngra hosil bo‘lgan integralni bo‘laklab,
0,0 =®,(1)- j 0,(K,(1,z)dz, 0<t<1  (23)
ko'rinishdagi integral tenglamaga ega bo‘lamiz, bu yerda

K (t:9)=—=[H, .00 -2 P,

D,(1) = [ @,(2)K, (£, 2)dz +[,(0) — ¢, (0)]¢ + ,(0).

K, (t,z) va Ci)l(t) funksiyalarni tekshiramiz.
Awal K (t,z) funksiyani qaraymiz. <z bo‘lsa, u holda #<7 boladi. Unda
H, (t,n) =1 bo'lib, ushbu

1/2

K (=== dn=—0-2)

tenglik o'rinli bo‘ladi.
Agar t < z bo'lsa,

K(t.2) == [ H,en)( -2V +ﬁ [, -2y "y =

1/2 Z)I/Z.

Lt _ _Z—1/2 Zl/2 z
ﬁl(t D —2)"dn+— jr(n ) Vdn = J—(l ) J—

Demak,

41'
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2t

e~ l_Z 1/2’

’_;;( )
2t

Lamzy 2=y, i3>z

N Jr

Bundan kelib chigadiki, K,(7,z) € C[0<1, z<1].

1<z,
K (t,z)=

Endi (i)l(t) funksiyani qaraymiz. Kl(l‘,z) funksiyaning tuzilishini e’tiborga olsak,

T = — ﬁl _ )2 _it A2
() = ¢,(0) +[95(0) ¢1(0)]t+\/;!®1(2)(1 z)"dz \/qu)l(Z)(t z)"dz.

nda @, (1) = — il — )2 _Lt N2
unda &/(1)=,(0) =0+ !qa(z)a 2)dz ﬁgqx(z)(f 2y Vdz,

1
D,"(1) = _Ld j @, (ts)(1-s) " ds
0

Jr dt

Bu tengliklardan va @, (#) funksiyaning xossalaridan foydalanib, ko‘rsatish mumkinki,
®, (1) e C'[0,1]nC*(0,1).

Demak, (23) - 7,(#) funksiyaga nisbatan Fredgolmning ikkinchi tur integral tenglamasi
ekan. Bu integral tenglama {(17),(20)} masalaga ekvivalent bo‘lib, uning yechimining mavjudligi
{(17),(20)} masala yechimining yagonaligidan kelib chigadi va bu yechim CI[O,I]F\C2(O,1)

sinfga garashli bo‘ladi. (23) tenglamadan 7,(#) topilgandan so'ng, 7,(¢) =—7,"(¢) funksiya ham
topilgan bo‘ladi. Masala to‘la hal etildi.
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