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Annotatsiya
Mazkur maqolada kasr tartibli Hilfer operatorini oz ichiga oluvchi Benjamin-Bona-Mahony tenglamasi uchun
boshlang‘ich chegaraviy masala yechiming mavjud bo‘lmasligi shartlari aniqlangan.
AHHOMauyus
B 0daHHOU cmambe onpedensitomcsi ycrio8uss Omcymcmeusi peweHuss HadyalbHo-Kpaegol 3adayu Ors ypasHeHUs
beHdxamuHa-boHa-MaxoHu, codepxawezo onepamop Xunbgepa 0pobHo20 rnopsioka.
Abstract
In this article, the conditions for the non-existence of the solution to the initial boundary value problem for Benjamin-
Bona-Mahony equation containing fractional order Hilfer operators are determined.

Kalit so‘zlar: kasr tartibli Hilfer differensial operatori, Benjamin-Bona-Mahony tenglamasi, yechimning mavjudligi.

Knroueesnie cnoea: dugpghepeHyuanbHbll onepamop Xunsgepa 0pobHoz2o nopsidka, ypasHeHue beHOxamuHa-boHa,
MaxoHu, cywecmeogaHue peweHusl.

Key words: fractional Hilfer differential operator, Benjamin, Bona and Mahony equation, the existence of the solution.

INTRODUCTION
Benjamin, Bona and Mahony proposed the following equation

u, (8,x) —u, (t,x) +u(t,x)u,(t,x)=0

to describe long waves on the water, where u(t,x) is the velocity of the fluid, ¢ is time,

and x is position. The Benjamin, Bona and Mahony (BBM) equation is a nonlinear equation that is
used in many fields such as fluid mechanics, traffic flow, and mathematical physics (see [1]).

The BBM equation provides a mathematical model for the propagation of long waves in
bodies of water, such as oceans, lakes, and rivers. It helps in understanding the behavior of waves
under different conditions, including dispersion effects.

Moreover, the BBM equation can shed light on phenomena like wave breaking and
turbulence in water waves. Understanding these processes is crucial for various applications,
including coastal engineering and offshore structure design.

The BBM equation is of interest in the field of nonlinear PDEs and applied mathematics.
Studying its properties, such as existence and uniqueness of solutions, stability, and long-term
behavior, contributes to the broader understanding of nonlinear wave equations.

Fractional calculus pertains to the branch of mathematical analysis focused on exploring
and utilizing integrals and derivatives of non-integer orders. Over the past few decades, it has
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gained notable importance owing to its wide-ranging applications across numerous scientific and
engineering domains. These include but are not limited to areas such as viscoelasticity, signal
processing, electromagnetics, fluid mechanics, and optics.

The aim of the work is to consider the time fractional analogue of the BMM equation and to
study under which conditions the solution of the boundary value problem for the equation of
Benjamin, Bona and Mahony does not exist.

2. Preliminaries

In this section, we recall the definitions and properties of fractional order integral and
differential operators, which will be used throughout the paper.

For detailed information we refer to the reader the references [2],[3],[4].

Definition 2.1. (Riemann-Liouville integral). The Riemann-Liuville fractional integral of

order a > 0 with lower limit a is defined for locally integrable functions f: [a, b] — R as
t

I f(z):ﬁ [(t=s)" £ (5)ds 1)

where F(a) is Euler's gamma function.
The Riemann-Liuville fractional integral of order a > 0 with upper limit b is defined as

17 £ ()= ﬁ [(s=0)" £ (5)ds. 22)

Definition 2.2. The Riemann-Liouville left-hand fractional derivate D;if of 0!(0 <a< 1)
order is defined as

. d ., 1 dq —a
Da+f(t):EIa+ f(l‘)zmgj[(f—é‘) f(S)dS (2.3)

Definition 2.3. The Riemann-Liouville right-hand fractional derivative D,;Z_f of

a(O <a< 1) order is defined as
Dy f (1) =—ill‘“f(t)= ij f(s)ds. (2.4)
. dt " ) dt

Definition 2.4. Caputo’s fractional derivative of (n—l<a<n) fractional order is
defined by

1 t n T
aCDtaf(t):F(a J S (a+)1_n dr. (2.5)
Definition 2.5. The Hilfer derivative D*” f of order 0 < <1 and type 0< B<1 is
defined by

d (-p)-
DAL f(2) =120 S0P g (), (2.6)
dt
where 17, 0 >0 is the Riemann-Liouville fractional integral operator.

We note that Hilfer fractional derivative becomes the Riemann-Liouville derivative when
£ =0 and the Caputo fractional derivative when =1 (see [4]).
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1 1 1
Lemma 21 Let >0,p>1,¢g21 and —+—<14+a (—+—=1+a in case

P 9 P 9
p#land g #1). Also, let pe L, (a,b) and i eLq(a,b),then

b
Jgp )12y ( )dtzjz//(z)lg_(p(t)dz. 2.7)

3. The non-existence of the solution of the time-fractional Benjamin, Bona and
Mahony equation

Let us denote by /7, , a rectangular domain of R’,ie

1, ={(t.x)eR*:0<t<T,a<x<bf.

In the domain Ha’b, we consider the following time-fractional Benjamin, Bona and
Mahony equation
Dy lu(t,x)—u,, (8,x)+u(t,x)u (t,x)=0 (3.1)
with the following initial condition
Ioﬁlt (O,x)zuo(x), xe[a,b], (3.2)

where D;i’ﬂ is the Hilfer derivative of order 0 < <1 and type 0 < <1, uo(x) is a

given function, ¥ is a real number such that ¥ =(1—- f)(1—-a)+1.
We should note that from the equation (3.1) when a =1, £ =0 it follows the equation (1.1).

We denote by CD(HM) the class of test functions q)(t,x) defined in the domain

CD(]Ya’b) ={(t,x)eR*: 0<t<T;a<x<b} with arbitrary parameters
T>0,a,beR, a<b and possessing the following properties:
() @ €C(I1,,,);
(i) p,20in 11, ,;
(iif) Ifg_a) (x,t)=0inxe (a b)andt=T

) <(1T j j dtdx < 4o,

where L' ¢ = [;1 f)(l Q)%Iﬂ(l a)go +o._,.

D™ Py e C([a,b]x [O,t]) of the problem

Suppose that there exists a smooth solution u_, 1),

(3.1) - (3.2) and the number 7' >0 .
Multiplying the equation (3.1) by an arbitrary function ¢ € CI)(Ha,b) and then integrating
over 11, , we obtain

([ 0(t.x) Dz x) dtdx ~ [ p(t,x)u,, (1.) drddx +

Hu,b

+ [ olex)u(tx)u, (bx)dide=0. @3

Ha,b
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Hence, applying the rule of integration by parts, it is easy to see that

H tx tx dtdx—

T b

= T, (15) (1) =0, (1.3)] = Jue(tx)o 1,0 s +

0 a
+H @ (8, x)u(t,x)dtdx, (3.4)
1, ,
” o(t,x)u(t,x)u (t,x)dtdx =
H b
:_j(” £ (t,x) | df——” . (t,x)dtdx.  (3.5)

Moreover, considering Definition 2.5 and applying Lemma 2.1, we get

a, o) d L (1-p)(1-a
” (¢,x) Dy u(t,x)dtdx = ” (¢,x I'g(1 )Eléiﬁ)(l )u(t,x)dtdx:

= ” Iffl_“)(p(t,x) jt [P0y, (¢,x)dtdx .

By applying the rule of mtegratlon by parts to the last integral and then using Lemma 2.1,
we obtain

” (¢,%)Dg/u(t,x)ddx = j)'{ (1-4)(1-a) u(t, x)]f(t (ptx}|dx—

O+t O+t

a

a0 1) 1 (1) o =

—ﬂ £,x) [0 dilﬂ(t (1, x)dtdx. (3.6)
Taking (3.4), (3. ) (3.6) and Definition 2.3 |nto account from (3.3), we have
— ” t x dtdx— H t X L(p)(t x)dtdx+

0+,¢

where B(u(t,x),(p(t,x)) :%u (t,x)(o(t,x)—ut (t,x)gox(t,x) —utx(t,x)(o(t,x).

From (3.7), based on the property (iii) of the function ¢(t,x) and taking (3.2) into account,

+j1{](1ﬁ)(1 %) (t x)]f(t )go t,x }| dx+jB tx) @ t,x))|adt, (3.7)

we have
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_” txdtdx—” (t.x)(L)(t.x) dtdx+jB )¢(fax))z

—Iuo [ﬂ1 %) (x,t)dx. (3.8)

Applying Holder's and Young s inequalities to the right-hand side of (3.8), we obtain the
following estimate

H t x L(p)(t x dtdx|= H t X 1/(ox(x I)Mdtdx <

I, , 1, P, ()C,f)

12 1/2

H o (tx)ddx | | [ ((£o)() drdx | <

—” tx ). tx)dtdx+ ”

Taking this relation into account from (3.8), we come

b
0<— é’ JB t x) ¢(l‘,x))z Iuo(x)]fi’“)¢(x,t)‘t=0dx. (3.9)

a

Based on the mequallty (3.9), we have the following assertion:
Theorem 3.1. Assume that uo(x)eL[a,b] and there exists a test function

(o(x,t) € @(Ua’b) for which the inclusion

Bu(t.x).0(t.x))| €L[0.T]

holds and the following

%((Ha,b)_",IB(M(LX)’(D(LX)) Z

inequality is satisfied. Then, there does not exist a global-in-time solution to the problem

{(3.1), (3.2)}.

Proof. Let us assume the opposite i.e. the problem {(3.1), (3.2)} admits a global-in-time
solution in Ha,b. Then, we arrived at a contradiction by inequalities (3.9) and (3.10).

b
juo (x)]fg;a)go(x,t)‘lzodx <0 (3.10)

a

As an example in a rectangular domain I/, , = {(t,x) eR*:0<t<T,0<x< 1} we

consider the time-fractional Benjamin, Bona, Mahony equation (3.1) with the initial condition (3.2)

and the following
u(1,0)=7,(¢), u,(£,0)=7,(t), u, (,.0)=7,(¢), 0<t<T  (3.11)
boundary conditions, where 7,(¢), 7,(f) and 7,(¢) are given functions, such that
71,75, 7 eL[O,T] .
Multiplying the equation (3.1) by @ € CD(Ha’b) and doing some computations, we obtain
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1

dt - juo (x)lfg;a)go(x,t)‘tzodx .

a
0

O<%§'(HO,1)+1B(u(t,x),go(t,x))

Assume that q)(t,x) satisfies the following conditions

o(1,1)=0, ¢ (1,1)=0, 0<t<T. (3.12)

Then, we have

b 1
B(u.0)| = —[Erf(t) —73(2‘)}0(@0)—12 ()0, (1.0).
For this problem the following assertion is true:
Theorem 3.2. Let u,(x) € L[0,1] and let u be a solution of the problem {(3.1), (3.2), (3.11)}

such that uxx,Dg’fiu € C([a,b] X [O,t]) andlet ¢ € CD(HO,I) be a function satisfying (3.12).

If the following inequality
T

Le(m,)<] [%le(t)(p(t,O)—73(t)(p(t,0)+ Tl(t)(px(t,O)}dt+

0
+Ju0 VI (x,2)], (3.13)

is valid, then the global-in time solution of the problem {(3.1), (3.2), (3.11)} doesn't exist in
11

0,1°
Example 3.1. If we choose the test function as

o(t,x)=(T 1) (x~1Y, (3.14)
then it can be easily shown that the conditions (i) - (iv) are fulfilled for the function ¢(¢,x).
Also using this function, we can easily obtain

4k2 T372a TZ—a
I1,,)=—- + 16k,
g( ‘”) 3-2a '"2—«a

+ 48T, (3.15)

where £, ZF_1(3—05).
Then, according to the Theorem 3.2, we have the following assertion:
Corollary 3.1. Let ©, € L[O 1] 7,75, 7T, EL[O T]. If the following inequality

k J.MO(X)(X 1) (T )'B(l a)+2dx>J|:—f (t) T (t) 3r (f):|(T—t) dt 2k2 T3 2a N
3-2a
+8k, rr +24T
-

holds, then there does not exist a global-in-time solution to the initial-boundary problem

{(3.1), (3.2), (3.11)}, where k, =—2I""' ( f(1— a) +3).
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