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CYB-AN®DY3UNSA BA TYNIKUH TEHFNMAMANAPUOAH MBEOPAT APANALL TUNOATU
TEHITAMA YY4YH TPUKOMU TUMMNOATUA MACATA

TRICOMI TYPE PROBLEM FOR MIXED TYPE EQUATION WITH SUB-DIFFUSION AND WAVE
EQUATION

3AOAYA TUMNA TPUKOMU ONA YPABHEHUA CMELWAHHOIO TUMNA C YPABHEHUEM CYB-
ANo®dY3NUnN U BOJTHOBbIM YPABHEHUEM

E.Karimov, S.Kerbal

AHHOMauus
Makonada ukku mapmubnu Xungpep xocunanu cyb6-0ughghysusi ea Knaccuk myrnkKuH meHanamacuda ubopam
apanaw mundazu meHenama ydyH Tpukomu murnudazu macana apanaw coxada ypeaHumneaH. Acocull KymnaHun2aH
ycynnap udmeezpain meHenamasnap ea 3Hepausi uHmezparnnapu ycynnapuoup.
Annotation
In this paper, we have considered a Tricomi type problem for mixed type equation with Hilfer's double order
derivative sub-diffusion equation and classical wave equation in a composite domain. Main methods of the investigation
are a method of integral equations and energy integrals’ method.
AHHOMauus
B cmambe paccmompeHa 3adaya murna Tpukomu Ofisi ypasHeHUsi CMeuwaHHOo20 murna C ypasHeHUem cyb-
Oughghysuu u 8051HO8bIM ypasHeHueM. OCHOBHbIMU MemodaMu SI8ISIKMCs Memod UHMe2palbHbIX ypasHeHul u Memood
UHMeepasnos 3Hepauu.

TasiHy cy3 ea ubopanap: TpukoMmu macasnacu, Ukku mapmubnu Xungep xocunacu, uHmezpasn meHanaamarnap
CyIiu.
i Keywords and expressions: Tricomi problem, double order Hilfer's derivative, method of integral equations

Knrodeenie cnoea u ebipaxeHusi: 3adavya Tpukomu, npou3so0Hoe Xurghepa ¢ 08yms nopsiOkamu, mMemood
UHMeeaparsbHbIX ypasHeHUul.

Introduction and formulation of a problem.

Due to both practical [1] and theoretical importance [2], Fractional Calculus is developing
intensively.

Solutions of differential equations with the most popular fractional derivatives such as the
Riemann-Liouville, Caputo and Hilfer's derivatives were subject of investigations in [3], [4], [5].
Analyzing a huge amount of works devoted to the study of direct and inverse problems for partial
differential equations (PDEs) with fractional order operators, we noted the only study closely
related to the present topic. Several boundary value problems (BVPs) for mixed type equations
with Riemann-Liouville fractional differential operator (FDO) were studied for unique solvability in
works [6],[7]. BVP with integral form conjugation conditions for PDEs with both Riemann-Liouville
and Caputo FDOs were subject of series of investigations [8], [9], [10]. In these works, authors
used an explicit solution of certain BVP for fractional diffusion equation studied by A.Pskhu [5].

For the first time, generalized the Riemann-Liouville FDO, which is alternatively named as
Hilfer FDO introduced by Hilfer [11]. The Cauchy and some BVPs for ODEs and PDEs with Hilfer
FDO investigated by many authors, for instance [4], [12].

In this paper, we are aimed to study BVP with integral form conjugation condition in a mixed
domain consisted of characteristic triangle and rectangle, for a mixed type PDE with diffusion
equation involving Hilfer's double order FDO, which is introduced in [13]. In recent work [14],
Tricomi type problem with integral conjugation condition for mixed type equation with Hilfer’s
derivative was investigated.

Consider the following mixed type equation

{ E.Karimov - senior researcher of Uzbekistan Academy of Science Institute
i of Mathematics named after V.| Romanovski.

i S.Kerbal - professor of Sultan Qaboos University, Department of
i Mathematics, FarcDiff Research group, Muscat,Oman.
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o
o
=4

I
I
()

Déf”ﬂ)”u(x,t)—uxx (x,2), >0,

0= (1)
u, (x,t)—u, (x,1), 1<0

in a composite domain Q=3 UL UAB. Here

D = 1 L (0<ap10< ps)

t
dt
is the Hilfer's double-order fractional derivative of orders & and p of type u [13],
t
o;f(t) - is the Riemann-Liouville fractional integral of order & [2].

l-a
F(a) 0 (f —Z)
Problem. To find a function u(x,t), which is continuous in Q\ 4B, its Hilfer's double-order

derivative is continuous in Q and it has continuous second order partial derivatives in Q and it
satisfies Eq. (1) in Q together with boundary conditions

u(0,¢)=u(Lt)=0, 0<r<T )
u(x/2,—x/2)=l//(x), 0<x<l], (3)
conjugation conditions on AB
lim ¢ty (x,t) = u(x,-0), 0<x<1, )
t—+0
: I-a ((-p)(1-5) — _
tlir?ot (t u(x,t))t u (x,-0), O0<x<l. (5)
Here y (x) is a given function such that (0)=0.
1. Main functional relations.

Introduce a notation

| 20193 T |
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7,(x) = lim " Py(x,1), 0<x<1, )
t—>+0
Solution of (1) in Q satisfying condition (2) and (6) has a form [13]
1
u(x,f)=ffl (&)M (x,&51)de, 7)
0

where

M (x,&1) = 2T (a+ 1= B)) D Ep iy posiropy (- 174D )sinkxsin ks, (8)
k=1

0 n

Ea,ﬂ (Z ) = Z = is a two-parameter Mittag-Leffler function[2].
=T (an+p)

Doing the same as in work [14], we deduce
()= (B+ula=B))T(a+pu1-p)
1 L(B+u1-Pp)

where v, (x) = lim /= (+=0Pu(x,0)) , 0 <x <1,

t—>+0

Tl”(x), 0<x<1, (9)

Solution of (1) in Qsatlsfying initial conditions

u(x,—O) =1, (x), 0<x<Il, u (x,—O) =V, (x), O<x<l (10)
can be written by D’Halembert’s formula
1 X+t
u(x,t)=5 Tz(x—z‘)+z'2(x+t)+J‘Vz(z)dz}_ (11)
x—t
Substituting (11) into (3) we deduce
v, (x)=1,(x)-2p'(x), 0<x<1. (12)

Relations (9) and (12) are main functional relations, which are essential in further.
2. A unique solvability of the problem.

Based on conjugation conditions (4), (5) from main functional relations (9) and (12) yields

Z'l”(x)—AZ'I'(x) ZZAW'(X), O<x<l, (13)
C(p+u(1-p)
h ‘B . . .
where (,B 4 ,U( ,B)) F(Ot + ,u(l _ ,3)) oundary conditions in (2) yield
7,(0)=17(1)=0. (14)
Problem (13)-(14) has an explicit solution in a form of
1
=2[y'(£)3 (x,£)déE (15)
with '
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(&)=t (1-e®)(1-e) 052w,
5 eAx _eA(x—l) (l_eA(g—l))(l_eAx), xﬁf <1.

Using representation (15), unknown function Vl(x) will be found by formula (9). Due to

(16)

conditions (4), (5), other two unknown functions 7, (x), Vv, (x) will be determined explicitly. The
solution of the considered problem will be recovered by formulas (7) and (11) in domains Q and

Q, respectively.
A uniqueness of the solution of the problem can be proved in a similar way as it is done in

[14]. Namely, we multiply (9) by function 7, (x) and integrate along 4B, then easily will get
Al de+ [(2(x)) dv = 0
jTl (X)Vl (X) x+j(Tl (X)) X = VU. (17)
0 0

1
Considering (4), (5) and (12) one can readily prove that Iz’l (x)v,(x)dx=0 . Since
0

,B+,u(a—ﬂ) >0, then from (17) it follows that 7, (x) = 0. Further, considering solution of the first
BVP for Eq.(1) in €}, we will get #(x,/)=0 in £}. Due to (4), one can easily deduce that
u(x,t) =0in Q.

Finally, we are able now to formulate our result as the following

1
Theorem. If W(x) € C[Oa 1] NC (091), then formulated problem has a unique solution
represented as follows

u(x,t)=20(¢)| |w' (n)G(&n) M (x,&t)dédn +

O ey —
O ey —

X+1

jw 77) (x—t,7)+G(x+1,n ]dn+—szIW G..(z.n)dn |,
)

xt 0

where 0(¢)=1for >0 and 8(¢)=0for 1< 0.

References:

1. Uchaikin V. V. Fractional Derivatives for Physicists and Engineers. Vol. I: Background and Theory. Vol. II:
Applications. Nonlinear Physical Science. Heidelberg: Springer and Higher Education Press, 2012.

2. Kilbas A. A., Srivastava H. M., Truijillo J. J. Theory and Applications of Fractional Differential Equations, volume
204. North-Holland Mathematics Studies. -Amsterdam: Elsevier, 2006.

3. Luchko Y., Gorenflo R. An operational method for solving fractional differential equations with the Caputo
derivatives. Acta Mathematica Vietnamica, 24, 1999, pp.207- 233.

4. Sandev T., Metzler R., Tomovski Z. Fractional diffusion equation with a generalized Riemann-Liouville time
fractional derivative. J. Phys. A: Math. Theor. 44, 2011, 255203 (21pp)

5. Pskhu A. V. Partial Differential Equations of Fractional Order (In Russian). Moscow: Nauka, 2005.

6. Gekkieva S. Kh. A boundary value problem for the generalized transfer equation with a fractional derivative in a
semi-infinite domain (In Russian). Izv. Kabardino-Balkarsk. Nauchnogo Tsentra RAN 1(8), 2002, pp.6-8.

7. Kilbas A. A., Repin O. A. An analog of the Tricomi problem for a mixed type equation with a partial fractional
derivative. Fract. Calc. Appl. Anal. 13(1), 2010, p.69-84

| 20193 13 ||



AHuK Ba Tabunit panaap

MATEMATHKA

8. Berdyshev A. S., Cabada A., Karimov E. T. On a non-local boundary problem for a parabolic-hyperbolic
equation involving Riemann-Liouville fractional differential operator. Nonlinear Analysis, 75, 2012, pp.3268-3273.

9. Agarwal P., Berdyshev A. S., Karimov E. T. Solvability of a non-local problem with integral transmitting
condition for mixed type equation with Caputo fractional derivative. Results in Mathematics. 71(3), 2017, pp. 1235-1257

10. Karimov E. T., Berdyshev A. S., Rakhmatullaeva N. A. Unique solvability of a non-local problem for

mixed-type equation with fractional derivative. Mathematical Methods in the Applied Sciences. 40(8), 2017,
pp.2994-2999

11. Hilfer R. Applications of Fractional Calculus in Physics. Singapore: World Scientific, 2000.

12. Hilfer R., Luchko Y., Tomovski "Z. Operational method for the solution of fractional differential equations with
generalized Riemann-Liouville fractional derivatives. Fract. Calc. Appl. Anal. 12(3), 2009, pp.299-318

13. Bulavitsky V.M. Closed form of the solutions of some boundary-value problems for anomalous diffusion
equation with Hilfer's generalized derivative. Cybernetics and Systems Analysis, Vol.30, No 4, 2014, 570-577.

14. Karimov E.T. Tricomi type boundary value problem with integral conjugation condition for a mixed type
equation with Hilfer fractional operator. Bulletin of the Institute of Mathematics, No 1, 2019, 19-26.

(Reviewer: A.K.O rinov — doktor of physies and mathematics, professor).

I 14 2019/Ne3 |



