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YOK: 512.745

MATPULAIIN ONPDEPEHLIMAI TEHTMAMAJIAP CUCTEMACUHU CUPTIIAP YYYH
NOPEHU ANNMALUTUAPULLNAPUA AHUKITUTUOA EYULL

PELWEHWE CUCTEMbI MATPUYHbIX AU®PEPEHLINMATIBHbLIX YPABHEHWUU ONnsA
NOBEPXHOCTEWU OTHOCUTEJIbHO AEUCTBUA IPYMMbl JIOPEHLUA

SOLVING DIFFERENTIAL MATRIX EQUATIONS FOR SURFACE WITH RESPECT TO
ACTION OF GROUP OF LORENCE

Y.BekbaeB, K.MymuHoB

AHHOMauyus
Makonada wmampuuanu OugghbepeHyuan meHasnamanap cucmeMmacuHuHe eyumniapuza Kypa JlopeHu
epynnacuea Hucbamad akeusasneHm byneaH cupmiap cucmeMacuHu mukaw macanacu Xasn KUmuHaaH.
AHHOMauus
B cmambe paccmampusatomcsi 3adaqu o onucaHuro cucmem OughghepeHuuanbHbIX MampuUYHbIX ypasHeHULl,
peuweHusi Komopbix 00HO3HaYHO soccmaxasueatrom Knaccel O(3,1) — skeusaneHmHbIx nogepxHocmed.
Annotation
In The article a description is given for the system of differential matrix equations, the solutions of which
regenerate the class of surfaces in 4 — dimensional space, which are equivalent with respect to the action of group -
0(3,1).

TassHy cy3 ea u6bopanap: mncesdoopmozoHan ¢pa3o, JlopeHy anmawmupuwnapu, 2apynna mabcupu,
aKeusaneHm cupminap.

Knroyeebie cnoea u ebipaxeHusi: cesdo0pMO2OHanIbHOe [pPocmpaHcmeo, rnpeobpasosaHus JlopeHua,
Oelicmesue epynribl, 3K8UBANEHMHOCTb M08EPXHOCMEL.

Keywords and expressions: pseudoorthogonal space, Lorenz transforms group action, equivalence of surfaces.

1. BBegeHue

MycTb C* - KOMNMeKcHoe 4 - MepHoe NMHeNHoe NPOCTPaHCTBO U NyCTb GL(4, C)- rpynna Bcex

o6paTuMbIX NUHENHBLIX NpeobpasoBaHuin NpocTpaHcTBa X. AnemeHTbl U3 C* npeacrasnsoTcs B

BMAE 4 — MEpPHbIX BEKTOP-CTONOLOB X = {fj}j?ﬂ, a npeobpasoBaHusa g € GL(4,C) B Bnae 4 X 4 —

4 .. - - -
marTpu, (gif)i,j=1’ roe x;, g;j € Rij=1,....4. [leiictene g € GL(4,C) Ha BekTOp X = {%;}j_; € C* ecTb

YMHOXEHNe MaTpuubl g Ha BeKTop-cTonbel X (3anuchk: gx).

C® - puddepeHumpyemoe oTobpaxeHue x:(0,1) x (0,1) » C* Ha3biBaeTCA aneMeHTapHON
noBepxHocTblo. Ecnu G - nogrpynna rpynnbl GL(4, C), TO ABE 3NEMEHTapHbIE NMOBEPXHOCTU Y (s, t)M
X(s,t) HasblBAT G- 3KBMBANEHTHbIMK, ecnun y(s,t) = gX(s,t) ANA HEKOTOPOro g € G N noObbIX
(s,t) € (0,1) x (0,1).

OpHon u3 3agad B AudpdepeHUmanbHOM reomeTpun aeBndeTca npobnema HaxoXpeHus
yAOOHbIX KpUTEpMeB ANA 3KBUBANEHTHOCTU 3reMeHTapHblX nosepxHocTen. OpgHuUM U3
3(ppeKTMBHbIX MEeTOAOB MPU pELLUEHMM YKaszaHHOW 3ajayu SBMAETCHA WHCTPYMEHTapuid Teopumn
anddepeHumanbHbIX MIHBAaPUAHTOB.

B HacTosiwen paboTe 3agava G — 3KBUMBANEHTHOCTU 3MEMEHTapHbIX MOBEPXHOCTEN ANS
rpynnel JlopeHua - 0(3,1) nepedopmynnpyeTcsa B TeEpMUHAX guddepeHumansHon anredpbl, YTo
No3BONSAET UCMOMb30BaTh anrebpanyeckuin nNogxon ANA PELUeHUs 3TOW 3agadn. Takoh noaxon
ObIN UCnonb3oBaH NpU MoslyYeHNUN HEOBXOANMBIX U [OCTATOYHbIX YCMNOBUA G — 3KBUBANEHTHOCTU
NOBEPXHOCTEN B Criyvyae AeNCTBUN OBOLLEN NUHENHON, CneunanbHON NIMHENHON, OPTOroHaNbLHON U
cumnnekTudeckon rpynn ([4], [5], [6], [7])-

Kpome Toro, onucbiBaloTcsa cuctemMbl anddepeHumanbHbiX YpaBHEHNA, peLLEHUS KOTOPbIX
BOCCTaHaBMMBAKOT NOBEPXHOCTU C TOYHOCTbIO A0 WX 3KBUBANEHTHOCTU OTHOCUTENBHO AEeNCTBUSA
rpynne! JlopeHua 0(3,1).

2. MNpepBapuTenbHble CBEAEHUS.

PaccmoTtpum kBagpatuyHyto popmy

Y.Bex6aes — kaHOudam ¢husuko-Mamemamuyeckux Hayk, douenm TURIN
POLYTECHNIC UNIVERSITY. ;
K.MymuHo8- dokmop ¢hu3uko-MameMamu4ecKux Hayk, rnpogeccop
HayuoHanbHo20 yHUsepcumema Y3bexkucmaHa.
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xTJx = x% + x5 + x2 — x2

C MaTpuuen
1 00 O
_[ 0 10 0 . _ _
J = 0 01 0 ,T.e.diag ] = (1,1,1,—-1).
0 00 -1

JInHenHoe npeobpasoBaHne x — y = gx Mbl Byaem HasbiBaTb npeobpasoBaHnem JlopeHua,
€CMnN OHO OCTaBMsIET HEeU3MeHHOW KeaapaTuuHylo dopmy xTJx ; matpuuy gbyaem HasbiBaTb B
3TOM criy4yae nopeHueBon maTpuuen. Tak kak npu npeobpasoBaHun y = gx KBagpaTudHas popma
nepexoanT B

YTy = (gx)Jgx = x"g"]gx,
TO g ABNAETCS NOPEHLEBOI MaTpuLei Toraa v Tonbko Tora, koraa g7 jg = J.

M3 3TOro MOXHO 3aKNi4YUTb, YTO COBOKYMHOCTb NOPEHLEBLIX MaTpuL, obpasyeT rpynny G =
0(3,1).

Ans Kagon aneMeHTapHON NoBepxHOCTM X(s,t) = (x;(s, t))}*=1 yepes M (xX) o603HaunM 4 x

. . 0 txi(s,t) .
4 - matpudy (my;(s, t))‘ifj=1 rAe /- bl cTonGey vmeeT KoopauHaTtbl my;(s,t) S S i,j=

asi-1
9% (s,t)
0s°

1,...,4, NpK 3TOM, cUMTaTCH, YTO = x;(s,t) anaBeexj =1,..,4, s,t € (0,1).

'z dlx(s,t) aix;(s0)*
Yepes Mg, (x)obo3HavaeTca maTtpuua — :
ij=1

dst dst—19t

Bo Bcex Hwmxecrnepylowmux cry4yasax paccMaTpyBalOTCA TOMbKO PErynspHble MOBEPXHOCTU, T.€.
anemMeHTapHble NoBepxHOCTU X(s,t), AN KoTopbix onpepenutens detM (X)(s,t) # 0 npu Bcex
s, t € (0,1).

Cnepyowasa xe Teopema yCTaHaBnMBaeT HeOOXOAUMbIE W [OCTATOYHble YycrnosBus G —
3KBUBANEHTHOCTU PErynspHbIX NOBEPXHOCTEN X (s, t) N y(s,t) ¢ NOMOoLblo MaTpul M (X) u My(y),
B cnyyae, korga G = 0(3,1).

Teopema 1. [IBe perynspHbole noBepxHocTn X(s,t) wn y(s,t) sasnswoTca 0(3,1) -
3KBMBArEHTbIMU B TOM Cry4ae, Koraa BbIMOMHEHbI Crnefyolmne paBeHCcTBa:

a) M (X)(s, )M (X)(s,t) = Mg () (s, )M (Y (s, £);
b) Mg (X)(s, )M (X)(s,t) = M () (s, OOM () (s, t);
¢) M{(X)(s, )M (X)(s,t) = M{ () (s, O)IMg ()(s,t);

4
} , a yepes M, (x) - matpuua {
ij=1

anascex s, t € (0,1).

Lokaszamenbcmeo. [yctb noBepxHocTn X(s,t) n y(s,t) - 0(3,1) — 3KBMBAIEHTHbI, T.€.
CyLlecTByeT Takol anemMeHT g € 0(3,1), ANs KOTOPOro BEPHO paBeHCTBO y(s,t) = gx(s,t) .
CnepoBaTtenbHo, B cuny onpegeneHus, matpuupl M, (X), umeem, 4to M, (¥) = gM, (X) .
lMokaxkem, 4UTO M3 3TOr0 paBEeHCTBA BbITEKAET CNpaBeafIMBOCTE paBeHCTB a), b), c).
[enctBntensHo,

-1

1) M M) = (g @) (gMe @) = M5 @) g™ gM4s (%) =
= M7 ()M (3);
2) M GMEG) = (9Ms ) (gMs @) = M7 @ g ™ gMy(®) =
= M3 ()M (2); .
3) MIG)M, ) = (gM, (D) JgMs (%) = MT@)g"] gM; (%) =
= M7 (®)JM;s (X);

O6paTHo, NycTb AnA NoBepxHocTen X(s,t) U Y(s,t) BbINOMHSATCS COOTHOLIEHUs a), b), c).

3ameTtum, uto ecnu A(s,t) = A - obpaTumas MmaTpuua, TO K3 paBeHcTBa A" 'A=AA"l=e

BblTekaeT, 4to A,A™1 + A(A™1), =0, otkyaa (A1), = —A71A,A™1. Ucnonb3yss aTo paBeHCTBO,
COOTHOLLEHMSA a), b) nepennckiBalOTCA B BULE:

a,) (Ms (3_}) " Mg (f)_l)s =0;

I 6 2019/Ne3 |
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b) (My 3)-Ms ()71, =0;
COOTBETCTBEHHO. JTU paBeHcTBa o03HavalT, 4to M, ()M, (X)) 1=g = (gU) i1 €EGL(4,C) .

CnepoBatenbHo, M (Y(s,t)) = gM, (¥(s,t)), B 4acTtHocTW, y(s,t) = gx(s,t) ANA BceX s,t €
(0,1).
Nanee, B cuny paseHcTBa c), umeem, uto g'Jg = (My ()M, (X)"HTIM, ()M, (X))~ =
T.e. g7Jg = ]. 3T0 03HayvaeT, Yto g € 0(3,1).
Teopema 1 gokasaHa.
3. AndhdepeHumanbHble ypaBHeHus anga 0(3,1) - aKkBUBaANEHTHbIX NOBEPXHOCTEN.
i 4
Myctb X(s, t) = {x;(s, t)}j?=1 perynsipHasi noBepxHocTb B C*, n nyctb M, (¥) = {%} ,
1,j=1
s, t € (0,1). !
Bbluncnss obpaTHyto matpudy (M, (X))~ nonyuum, 4to npounsseseHue
(M, (£)"™Mg(X) = A(s, t) = (a;;(s, 1))} j=; IMEET Creayowuii Bua
0 0 00 agu(st)
1 0 00 az(st)
0 1 00 as(s,t)
0 0 01 au(st)
roe a;,(s,t) - KoOMnnekcHosHavHble 6eckoHeyHo AudpdepeHumpyemble dyHKumuK, (s, t) € (0,1) X

A(s,t) =

(0,1), i =1, ...,4, BoluUCTIAEMBIE MO CrEAYOLWMM hopMynam
_ [fg)fgl)fgz)fgs)] [“(4) 2(2) 43)]
Qg ="——7——— A =

)

detMg (%) detM; (%)
[_. 5(1) -»(2) -»(3)] [_, 5(1) -»(2) -»(4)]
az4 = ) Qg =

detMg (%) detMg (%)

(3mecb 3anucb [Xy ..Z] o3Ha4YaeT AETEPMMHAHT MaTpuubl, Y KOTOpOW cTonbuamu SBRsioTCA
BEKTOpbI X, ¥, ..., Z).
PaccmoTpum criegytoLyto cuctemy MaTpudHbIX AuddepeHumanbHbIX ypaBHEHWIA
Xs(s, ) = X(s,t) A(s, 1),
Xi(s,t) = X(s,t) B(s, ), (1)
X" (s,0)]X(s, ) = C(s,1),
rae C(s,t) — (cij(s, )M j=1= =C"(s,t) v ¢;j(s,t) - ecTb C% - anddepeHUMpyemble hyHKLMN Npu
Bcex s,t€(0,1) ; X(st)= (xU)U 1 — HeusBecTHaa 4x4 — wmaTpuua, A(st) =
(a;; (s, t)) B(s,t) = (bij(s,t)) — 3apaHHble (UKCUPOBaHHbIE 4 X4 — MaTpuusl, s,t € (0,1)

(npe,qnonaraeTcn, 4TO PYHKUMU a;; (s, t) U b;; (s, t) sBnAtoTea C* - AU depeHUmpyembIMi).
PeweHune X (s, t) cuctembl (1) HasbiBaeTCA HEBLIPOXKOEHHbLIM, ecnn detX(s,t) + 0 onsa Bcex
s,t €(0,1) . Oea peweHua X, (s,t) n X, (s,t) HasbiBaloT 0(3,1) — 3KBMBANEHTHbIMU €CrnK
X; (s,t) = gX, (s,t) ana HekoToporo g € 0(3,1).
Teopema 2 [lycTtb HeBblpoXAeHHble MaTtpuubl A(s,t),B(s,t),C(s,t) ynoBNETBOPAIOT
CrneayrLmm yCnoBUsaM:

0 0 00 agu(st)

(1 0 00 az(st)

().A(s,t) = 0 1 00 as(st)
0 0 01 au(st)

4 4
. a ii(s, a ii(s,
(i. At + BA =B, + AB, rge A.(s,t) = (M) , Bs(s, t) = (M) :
ot Jij=1 O Jij=1

| 2019/No3 7 |
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a i)
(jii). CL = ATC + CA, rae Cy(s, t) = ( i (S ) :
os  Jij=1
o e\t
(iv). C: = BTC + CB; roe C.(s,t) = ( A ) ,
)i
Torpa, cuctema ypaBHeHUI
X, =XA
X{ =XB (2)
XTjx =cC

UMeeT HeBbIpOXAEeHHoe pelueHue. MNpu aTom, pelleHne cuctembl (2) eANHCTBEHHO C TOYHOCTbIO
0o 0(3,1) — aKBMBANEeHTHOCTH.
Hokazamenbcmeo. B cuny ycnoeua 4, - B = 4B - B4 (CM. ycrnosue (ii)) cuctema (1)

NMeeT HeBbIPOXAEHHOE pelueHune, X, (s,t) (cM., Hanpumep, [2], §7). MNMokaxem, 4YTo BCsKoe Apyroe
peweHne x, = x (s,r) cuctemol (1) nmeet Bua x, = gx,, rAe g € GL(4,C). [eiAcTBuTeEnbLHO,

ucrone3sys (1), meem
(XX, =(X), X5 + X,(X51), = (X), X5+ X, (=X5 X, X ) =

=X, — XX X)X =(XA- X A) X' =0.

00

AHanormdHbiM o6pasom, nonysaem (X, X;'), =0 . Mostomy X, X3! = g € GL(4,C), T.e.
X, =gX -

Takum obpasom, Habop maTpuL

{9X = gX,(s,t): g € GL(4,0)} 3)
TaKkKe ABMNAETCA peLleHnemM cuctemsl (2).

Ecrm X = (xjk (s, 1:))}*,,c=1 peweHune cuctembl (1), X = (xj(,?xjk(s, t))}{kﬂ, TO C y4eTOM BuAa
maTpuubl A (cm. ycrosue (i), Hanucae nepsBoe ypaBHeHWe cuctembl (1) B BuAE Y = x4 ,

nony4ynm, 4To
0xj;(st)

ds
0xj,(s,t) ,
’;—S =x53(s,1), j=1,...4

) 0xj3-1(s,t)
0s

4
0xi4(s,t) )
];s = ;aﬂxjk(sat)e J= I,...4

OTo o3HauaeT, uTo peweHne X = (xj (s, t))j*lk=1CV|CTeMb| (1) nmeet BUg X = M, (X), roe
)_é = (xll(sl t); "'Ix4-1(sl t))

MNycTtb Tenepb X (s, t)HeBbIPOXAEHHbIE pelleHua cuctembl (1), n nyctb w = (x ") 'cx '.
fAcHo, yTo maTpuua I ABRAETCA HEBLIPOXAEHHON U cuMMeTpudeckon. lMockonbKy X (r) ecTb
pelwleHne cuctemsl (1), To N3 ycnosus (i) criegyeT, 4YTo

Wy = ((XT)71CX s = (XT) DX~ + (XT)™HCX 1) =
==X XX HTCX T+ XT)THCX T - CXTIX X T =
= (T [-(x, ) (HTC+ ¢ - cx Ty Xt =
=X HI(-ATc+c.—-cAx .
AHanormyHbiM 06pa3om yctaHasnueaeTcs, uyto W/ = (XT)~1cx—1); = 0.
CneposaTtenbHo, (XT)~1cx~1 = (hij)ﬁjﬂh € GL(4,C), B YacTHOCTH,
XThX = C. (5)

N3 pasnoxeHnst Takarn gna HEBbIPOXKAEHHON CUMMETPUYHON MaTpuubl /2 (CM, Hanpumep

[31rn4, § 4.4) umeem, uto h=U"DU ,

=xj3(s5,t), j=1,..,4

=Xj,(s,t), j=1,..,4 (4)
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roe U -yHuTapHass matpuua, D = diag(ll, ..,A4) €CTb OuaroHanbHas maTtpuua C 3femMeHTamu
l > 0 no rnaeHol guaroHanu, j = 1, ...,4.

Bsse D; = dlag(\/_,\/_,\/_, J24), tAe i = -1 v nonoxus g = D3U € GL(4,C), nony4mm,
uyto D = DIJD; u h = UTDIJD;U = g"]g. Takum oBpasom, Ana ¥ = gX ¢ yyeTom (4) umeem, YTo
YTJ)Y = XTgTJgx = XThX = C.

Ortcioga 1 13 (3) cnegyet, Uto ¥ ecTb HEBLIPOXAEHHOE PELLEHNE CUCTEMbI

X, =XA
X, = XB (6)
XTJX =C

Ecnn X(s,t)- HeBblpoXaeHHoe pelleHne cuctembl (4), g € 0(3,1)un Y(s,t) = gX(s,t), TO
Yi(s,t) = gXs(s, t) = gX(s,t)A(s, t) = Y(s,t)A(s, t) n Y/(s,t) = gXi(s,t) = gX(s,t)B(s,t) =
Y (s, t)B(s,t), npu aTom

YT(s,t)JY(s,t) = XT(s,)gTJgX(s,t) = XT(s,)]X(s,t) = C(s,t).

OTO 03Ha4vaeT, 4To Y(s,t) Takke e€CTb HEBLIPOXOEHHOE peELLUEHME cucTeMbl (6). Takum
obpasom, Ans cuctemsbl (5) cylecTByeT eUHCTBEHHOE C TOYHOCTbIO A0 0(3,1)- 3KBUBaANEHTHOCTH
HEBbIPOXAEHHOE peLueHne X (s, t) = (x;;(s, t));szl. Teopema 2 gokasaHa.

Teopema 3. [ycTb BhINONHEHbI ycrnoBus Teopembl 1. Torga

(). Ana noboro HeBblpoxXAeHHOro peleHns X (s, t) = (x;;(s, t))‘l-*, j=1 CUCTEMbI ypaBHEHWUI (2)
cywlecTByeT perynspHas MoBepxHoCTb X(s,t) = (x;(s, t))}Ll , s,te(0,1) , pna KoTopom
M,(%(s,t)) = X (s, t)npun Beex s, t € (0,1);

(). CywecTByeT eOQUHCTBEHHas C TOYHOCTbIO A0 O(3,1)- 3KBUBANEHTHOCTU perynspHas
MoBepPXHOCTb X (s, t), Ans koTopoi MaTpuua M,(X(s, t)) ecTb peLLeHne cucTemsl (2).

Lokazamenscmeo. (i) Ecnn X = (x;;(s, t));fj=1 €CTb HEBbIPOXAEHHOE peLLeHne cuctembl (2),

0 xijj 0 x; B
TO B CUSTYy PaBEHCTB (4) NMeeM, 4TO s L(s,t) = Xji+n) (s, O)T.€. x;5(s, 1) = asi_lﬂ (s,t) pnsa Bcex j =

1,..,4,i=1,..,4. CnenoBatenbHo, AN perynspHoii noBepxHoctn x(s,t) = {le(s, t)}j BEPHO

=1
paBeHcTBO M,(%(s,t)) = X (s, t) Ans Bcex s, t € (0,1).

(if). NycTb X(s, t) M Y(s, t) ABE perynsipHble NOBEPXHOCTU, ANSt KOTOPbIX MaTpULbl My(¥(s,t))
n M,(3(s, t)) SBNSAETCA PELLEHUSIMI CUCTEMBI (2).

CornacHo Teopeme 2, cywecTByeT Takoe g € 0(3,1) uto M (3(s,t)) = gMs(X(s,t)) B
yacTtHocTu, y(s,t) = gx(s,t) onsa Becex s, t € (0,1). 3To 03HAYaeT, YTo NoBepxHocTn X(s,t) n y(s,t)
asnsaTea 0(3,1) - aKBUBaANEHTHbLIMU.

3amevaHune. BapuaHTbl Teopem 2 u 3 gna C*° - anddepeHunpyembix NyTen nosyyYeHbl
paHHee B MoHorpacum [1, rn. 4., § 4.3].
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